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ENRICHED DUALITY IN DOUBLE CATEGORIES:
V-CATEGORIES AND V-COCATEGORIES*
CHRISTINA VASILAKOPOULOU
Abstract. In this work, we explore a double categorical framework for
categories of enriched graphs, categories and the newly introduced notion
of cocategories. A fundamental goal is to establish an enrichment of V-
categories in V-cocategories, which generalizes the so-called Sweedler the-
ory relatively to an enrichment of algebras in coalgebras. The language
employed is that of V-matrices, and an interplay between the double cat-
egorical and bicategorical perspective provides a high-level flexibility for
demonstrating essential features of these dual structures. Furthermore, we
investigate an enriched fibration structure involving categories of monads
and comonads in fibrant double categories a.k.a. proarrow equipments,
which leads to natural applications for their materialization as categories
and cocategories in the enriched matrices setting.
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1. Introduction
In [HLFV17a], an enrichment of the category of monoids in comonoids is
established in a braided monoidal closed category V which is moreover lo-
cally presentable, induced by a generalization of Sweedler’s universal measur-
ing coalgebra P (A,B) for algebras A, B [Swe69]. This constitutes an abstract
framework for the so-called Sweedler theory of algebras and coalgebras [AJ13]
in differential graded vector spaces, leading to an efficient formalism for the
bar-cobar adjunction in a broader effort to conceptually clarify the Koszul
duality for (co)algebras [LV07].
The present work generalizes this result to its many-object setting; intro-
ducing the notion of a V-enriched cocategory which reduces to a comonoid
in V when its set of objects is singleton, we establish an enrichment of the
category of V-categories in V-cocategories. This enrichment can be realized
under the same assumptions on V, and shares all fundamental characteristics
Key words and phrases. fibrant double category, framed bicategory, comonads in double
categories, enriched matrices, enriched cocategories, enriched fibration.
*This is a provisory draft of a paper whose definitive version is due to be published in the
“Journal of Pure and Applied Algebra”.
1
2 CHRISTINA VASILAKOPOULOU
with Sweedler theory for (co)monoids. In particular, the braided monoidal
closed V-Cocat acts on the monoidal V-Cat via a convolution-like func-
tor which exhibits its adjoint, the generalized Sweedler hom T : V-Catop ×
V-Cat → V-Cocat as the enriched hom-functor. Moreover, the enrichment
in question is tensored and cotensored, via the generalized Sweedler product
⊲ : V-Cocat× V-Cat→ V-Cat and the action respectively.
The framework that brings all these structures together is that of a dou-
ble category of V-matrices, V-Mat. Its horizontal bicategory V-Mat is well-
studied even in the more abstract case of matrices enriched in bicategories
[BCSW83], and our approach follows its one-object case as well as [KL01] in
viewing V-categories as monads therein and establishing important categorical
properties. It turns out that working on the double categorical context offers a
much clearer perspective for the categories of interest and their interrelations;
for example, V-functors are precisely monad morphisms (vertical monad maps
in [FGK11]) in V-Mat whereas only a special case of monad maps in V-Mat.
For that purpose, we present a detailed framework for monads and comon-
ads in arbitrary double categories, explore their (op)fibrational structure in
the fibrant case [Shu08] and push the enrichment objective as far as possi-
ble. This way, demanding calculations involving enriched graphs, categories
and cocategories (some of them found in [Vas14, §7]) are deduced from natu-
ral properties of monads and comonads in monoidal fibrant double categories,
which are furthermore locally closed monoidal. By introducing this concept
which endows the vertical and horizontal categories with a monoidal closed
structure, we obtain an action of the category of monads on comonads which
under certain assumptions induces the desired enrichment.
Finally, we are also interested in combining such an enrichment with the nat-
ural (op)fibred structure of monads and comonads. As a result, we first recall
some general fibred adjunction results as well as some basic enriched fibration
machinery from [Vas18] and subsequently apply it to the double categorical
setting for the monoidal (op)fibrations of (co)monads, leading to respective
results for V-categories and V-cocategories in V-Mat. It is expected that this
abstract picture shall also allow for applications for other (co)monads in double
categories of similar flavor, indicatively for colored operads and cooperads.
A next step to this development will be to consider categories of modules
and comodules for monads and comonads in double categories and look for
similar enrichments, this time for the fibration V-Mod → V-Cat over an
appropriately defined V-Comod → V-Cocat in V-Mat. This would again
provide a many-object generalization of the enrichment ofMod inComod, i.e.
global categories of (co)modules for (co)monoids, established in [HLFV17b].
A brief outline of the paper is as follows. Section 2 assembles all the neces-
sary background material in order to make this paper as self-contained as pos-
sible. This includes selected facts about bicategories, (co)monoids in monoidal
categories and local presentability aspects, the theory of actions inducing en-
richments, the universal measuring comonoid and the theory of fibrations and
enriched fibrations. In Section 3, after giving some basic double categorical
definitions, we explore the framework for monads and comonads. Consider-
ing monoidal and fibrant double categories also with a locally closed monoidal
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structure, we furthermore combine it with the enriched fibration theory. Fi-
nally, Section 4 applies all the previous results to the double category V-Mat
of V-matrices. By establishing necessary properties of monads (V-categories)
and comonads (V-cocategories) therein, an enrichment between them is exhib-
ited also on the (op)fibration level as the ultimum result. In the process, a
detailed exposition of the structures involved and their dual relations gathers
known along with newly established facts about these fundamental categories,
also generalizing classical properties for (co)monoids in monoidal categories.
2. Preliminaries
In this section, we gather all the necessary material for what follows. This
includes some basic bicategorical notions, elements of the theory of monoidal
categories with focus on the categories of monoids and comonoids and local
presentability aspects, as well as parts of the theory of actions of monoidal
categories inducing enrichment relations. Finally, we recall some results from
related work concerning an enrichment of monoids in comonoids, as well as the
recently introduced enriched fibration structure; the goal is to later fit those
in a double categorical context which serves as the common framework for our
objects of interest.
In order to restrain the length of the paper, we provide appropriate references
whenever definitions and constructions are only sketched. The choice of how
detailed certain material review is, solely relies on what is specifically used
later in the paper, with the purpose of making this work as self-sufficient as
possible. This is why, for example, bicategories and functors between them are
spelled out, as opposed to monoidal categories and functors.
2.1. Bicategories. The original definition of a bicategory and a lax func-
tor between bicategories can be found in Be´nabou’s [Be´n67]. Other refer-
ences, including the definitions of transformations and modifications are [Str96,
Bor94a]. Categories of (co)monads in bicategories are carefully recalled; re-
garding 2-category theory, indicative references are [KS74, Lac10], whereas
[Str72] presents the formal theory of monads in 2-categories. Due to coherence
for bicategories, we are often able to use 2-categorical machinery like pasting
and mates correspondence directly in the weaker context.
Definition 2.1. A bicategory K is specified by objects A,B, ... called 0-cells,
and for each pair of objects a category K(A,B), whose objects are called 1-cells
and whose arrows are called 2-cells ; vertical composition of 2-cells is denoted
A
f
""
g //
h
>>
✤✤ ✤✤
 α
✤✤ ✤✤
 α′
B = A
f
))
h
55
✤✤ ✤✤
α′·α B.
and the identity 2-cell is 1f : f ⇒ f : A → B. Moreover, for each triple of
objects there is the horizontal composition functor ◦ : K(B,C) × K(A,B) →
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K(A,C) which maps a pair of 1-cells (g, f) to g ◦ f = gf and a pair of 2-cells
A
f
((
u
66
✤✤ ✤✤
 α B
g
((
v
66
✤✤ ✤✤
 β C = A
✤✤ ✤✤
 β∗α
gf
$$
vu
<<C.
Finally, for each object we have the identity 1-cell 1-cell 1A : A→ A.
The associativity and identity constraints are expressed via the associator
with components invertible 2-cells αh,g,f : (h◦g)◦f ∼−→ h◦(g◦f) and the unitors
by λf : 1B ◦ f ∼−→ f, ρf : f ◦ 1A ∼−→ f. The above are subject to coherence
conditions: for A f // B g // C h // D k // E , the following commute
((k◦h)◦g)◦f
αkh,g,f 
αk,h,g∗1f // (k◦(h◦g))◦f,
αk,hg,f
(k◦h)◦(g◦f)
αk,h,gf ''PP
PPP
PP
k◦((h◦g)◦f)
1k∗αh,g,fvv♥♥
♥♥♥
♥♥
k◦(h◦(g◦f))
(g◦1B)◦f
αg,1B,f //
ρg∗1f
❀
❀❀
❀❀
❀❀
❀❀
❀❀
❀
g◦(1B◦f)
1g∗λf
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
g◦f
(1)
By functoriality of the horizontal composition we have 1g ◦ 1f = 1g◦f and
(β ′ · β) ∗ (α′ · α) = (β ′ ∗ α′) · (β ∗ α), the latter known as the interchange law.
Given a bicategory K, we may reverse only the 1-cells and form the bicate-
gory Kop, with Kop(A,B) = K(B,A). We may also reverse only the 2-cells and
form the bicategory Kco with Kco(A,B) = K(A,B)op. Reversing both 1-cells
and 2-cells yields a bicategory (Kco)op = (Kop)co.
There are numerous examples of well-known bicategories. Indicatively,
• Span(C) for any category C with pullbacks has objects the ones in C,
1-cells spans A←M → B and 2-cells span morphisms;
• Rel(C) for any regular category C is defined as Span(C) but with 1-
cells relations R֌ X×Y , and composition is given by first taking the
pullback and then performing epi-mono factorization;
• BMod has objects rings, 1-cells bimodules and 2-cells bimodule maps;
• V-Prof has objects V-categories, 1-cells V-profunctors (V-bimodules)
F : Bop ×A → V and 2-cells appropriate V-natural transformations.
Definition 2.2. Given bicategories K and L, a lax functor F : K → L
consists of a mapping on objects A 7→ FA, a functor FA,B : K(A,B) →
L(FA,FB) for every A,B ∈ K, a natural transformation with components
δg,f : (Fg) ◦ (Ff) → F (g ◦ f) for any composable 1-cells, and a natural
transformation with components γA : 1FA → F (1A) for every A ∈ K.
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The natural transformations γ and δ have to satisfy the following coherence
axioms: for 1-cells A f // B g // C h // D , the following diagrams commute:
(Fh ◦Fg) ◦Ff
δh,g∗1 //
α

F (h ◦ g) ◦Ff
δhg,f

Fh ◦ (Fg ◦Ff)
1∗δg,f

F ((h ◦ g) ◦ f)
Fα

Fh ◦F (g ◦ f)
δh,gf
// F (h ◦ (g ◦ f))
(2)
1FB ◦Ff
γB∗1 //
λ

F (1B) ◦Ff
δ1B,f
Ff F (1B ◦ f)
Fλ
oo
Ff ◦ 1FA
1∗γA //
ρ

Ff ◦F (1A)
δf,1A
Ff F (f ◦ 1A)
Fρ
oo
(3)
If γ and δ are natural isomorphisms (respectively identities), then F is
called a pseudofunctor or homomorphism (respectively strict functor) of bi-
categories. Similarly, we can define a colax functor of bicategories by reversing
the direction of γ and δ, sometimes also called oplax. We obtain categories
Bicatl, Bicatc, Bicatps, Bicats with objects bicategories and arrows lax, co-
lax, pseudo and strict functors respectively.
A monoidal bicategory K is a bicategory equipped with a pseudofunctor
⊗ : K × K → K which is coherently associative and has an identity object I.
The explicit definition with all appropriate diagrams can be found in any of
the standard references, e.g. [Car95, §2.1]. In our examples, we will choose to
establish monoidal structure of bicategories via the more general structure of a
monoidal double category, as explained in Section 3; arguably, that technique
is easier to apply given certain assumptions.
Definition 2.3. If F ,G : K → L are two lax functors, a lax natural transfor-
mation τ : F ⇒ G consists of morphisms τA : FA → GA in L, along with
natural transformations
K(A,B)
FA,B //
GA,B

L(FA,FB)
L(1,τB)

L(GA,GB)
L(τA,1)
// L(FA,GB)
✎✎✎✎
CKτ
(4)
with components 2-cells τf : τB ◦ Ff ⇒ G f ◦ τA. This data is subject to
standard axioms expressing the compatibility of τ with composition and units,
using δ and γ of the lax functors.
A transformation τ is pseudonatural (respectively strict) when all the com-
ponents τf of (4) are isomorphisms (respectively identities). Also, an oplax
natural transformation is equipped with a natural transformation in the op-
posite direction of (4). Note that between either lax or oplax functors of
bicategories, we can consider both lax and oplax natural transformations.
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Along with modifications between transformations (see [Bor94a]) we can
form four different functor bicategories of combinations of (op)lax functors,
(op)lax natural transformations and modifications, e.g. Bicatl,l(K,L), which
contain Bicatps,l(K,L), Bicatps,opl(K,L) and Hom(K,L) of pseudofunctors
and lax/oplax/pseudo natural transformations as sub-bicategories.
Now a (strict) 2-category is a bicategory in which all constraints are iden-
tities, i.e. α, ρ, λ = 1. In this case, the horizontal composition is strictly
associative and unitary and the axioms (1) hold automatically. Consequently,
the collection of 0-cells and 1-cells form a category on its own. Note that when
L is a 2-category, all the above functor bicategories are also 2-categories.
Examples.
(1) Cat of (small) categories, functors and natural transformations;
(2) MonCat of monoidal categories, (strong) monoidal functors and mo-
noidal natural transformations;
(3) V-Cat of V-enriched categories, V-functors and V-natural transforma-
tions for a monoidal category V;
(4) Fib(X) andOpFib(X) of fibrations and opfibrations over X, (op)fibred
functors and (op)fibred natural transformations (see Section 2.4);
(5) Cat(E) of categories internal to E, for a finitely complete category.
Instances of this are ordinary categories (E = Set), double categories
(E = Cat) and crossed modules (E = Grp).
We now turn to notions of monads and comonads in bicategories.
Definition 2.4. A monad in a bicategory K consists of an object B together
with an endomorphism t : B → B and 2-cells η : 1B ⇒ t, m : t ◦ t ⇒ t called
the unit and multiplication, such that the following diagrams commute:
(t ◦ t) ◦ t
αt,t,t //
m◦1

t ◦ (t ◦ t)
1◦m

t ◦ t
m &&▲▲
▲▲▲
▲▲▲
▲ t ◦ t
mxxrrr
rrr
rrr
t
and 1B ◦ t
η◦1 //
λt
  ❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
t ◦ t
m

t ◦ 1B
1◦ηoo
ρt
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥
t
Equivalently, a monad in a bicategory K is a lax functor F : 1→ K, where
1 is the terminal bicategory with a unique 0-cell ⋆. This amounts to an object
F (⋆) = B ∈ K and a functor F⋆,⋆ : 1(⋆, ⋆) → K(B,B) which picks up an
endoarrow t : B → B. The natural transformations δ and γ of the lax functor
give the multiplication and the unit of t
m ≡ δ1⋆,1⋆ : t ◦ t→ t and η ≡ γ⋆ : 1B → t
and the axioms for F give the monad axioms for (t,m, η).
Remark 2.5. If G : K → L is a lax functor between bicategories, the composite
1
F
−−→ K
G
−→ L
is itself a lax functor from 1 to L, hence defines a monad. In other words, if
t : B → B is a monad in the bicategory K, then G t : GB → GB is a monad
in the bicategory L, i.e. lax functors preserve monads.
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Definition 2.6. A (lax) monad functor between two monads t : B → B and
s : C → C in a bicategory consists of an 1-cell f : B → C between the 0-cells
of the monads together with a 2-cell
B
f //
t

  | ψ
C
s

B
f
// C
satisfying compatibility conditions with multiplications and units.
If the 2-cell ψ is in the opposite direction, and the diagrams are accordingly
modified, we have a colax monad functor (or monad opfunctor) between two
monads. Along with appropriate notions of monad natural transformations
(see [Str72]), we obtain a bicategory Mnd(K) ≡ [1,K]l.
Dually to the above, and for future reference, we have the following.
Definition 2.7. A comonad in a bicategory K consists of an object A together
with an endoarrow u : A→ A and 2-cells ∆ : u⇒ u ◦ u, ε : u⇒ 1A called the
comultiplication and counit respectively, such that the following commute
u
∆
''❖❖
❖❖❖
❖❖❖
❖❖
∆
ww♦♦♦
♦♦♦
♦♦♦
♦
u ◦ u
∆◦1

u ◦ u
1◦∆

(u ◦ u) ◦ u
αu,u,u
// u ◦ (u ◦ u)
1A ◦ u
λu
!!❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
u ◦ u
ε◦1oo 1◦ε // u ◦ 1A
ρu
}}④④
④④
④④
④④
④④
④④
④④
④
u
∆
OO
Notice that a comonad in the bicategory K is precisely a monad in the bi-
category Kco; along with colax comonad functors and comonad natural trans-
formation, we have the bicategory Cmd(K) = [1,K]c.
2.2. Monoids and comonoids in monoidal categories. Standard refer-
ences for the theory of monoidal categories, as well as monoids and comonoids,
are for example [JS93, Str07]; here we recall only a few things necessary for
later constructions. In any case, monoidal categories and (co)lax/strong/strict
functors between them are just the one-object cases of Definitions 2.1 and 2.2.
Suppose (V,⊗, I) is a monoidal category. A monoid is an object A equipped
with a multiplication and unit m : A ⊗ A → A ← I : η that satisfy usual
associativity and unit laws; along with monoid morphisms that preserve the
structure in that f ◦ (m ⊗m) = m′ ◦ f and f ◦ η = η′, they form a category
Mon(V). Dually, we have comonoids (C,∆: C → C ⊗ C, ǫ : C → I) whose
category is denoted by Comon(V). Both these categories are monoidal only
if V is braided, and they also inherit the braiding or symmetry from V.
Remark 2.8. For any object B in a bicategory K, the hom-category K(B,B)
is equipped with a monoidal structure induced by the horizontal composi-
tion of the bicategory, namely f ⊗ g = g ◦ f and I = 1B. Then, a monoid
in (K(B,B), ◦, 1B) is precisely a monad in K (Definition 2.4) and dually, a
comonad u : A→ A in a bicategory K is a comonoid in the monoidal K(A,A).
It is well-known that lax monoidal functors between monoidal categories
induce functors between their category of monoids, as below.
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Proposition 2.9. If F : V → W is a lax monoidal functor, with structure
maps φA,B : FA ⊗ FB → F (A ⊗ B) and φ0 : I → F (I), it induces a map
between their categories of monoids
MonF : Mon(V)→Mon(W)
by (A,m, η) 7→ (FA, Fm ◦ φA,A, Fη ◦ φ0). Dually, colax functors induce maps
between the categories of comonoids.
It is also well-known that (due to the doctrinal adjunction) colax monoidal
structures on left adjoints correspond bijectively to lax monoidal structures on
right adjoints between monoidal categories; this generalizes to parametrized
adjunctions, e.g. [Vas14, 3.2.3] or for higher dimension in [DS97, Prop. 2].
When V is braided monoidal closed, the tensor product functor has a strong
monoidal structure via A⊗B⊗A′⊗B′ ∼−→ A⊗A′⊗B⊗B′, I ∼−→ I⊗I. Therefore
the internal hom functor [−,−] : Vop×V → V obtains a lax monoidal structure
as its parametrized adjoint. The induced functor between the monoids is
denoted
Mon[−,−] : Comon(V)op ×Mon(V)→Mon(V); (5)
for C a comonoid and A a monoid, [C,A] has the convolution monoid structure.
Turning to other properties of the categories of monoids and comonoids, for
any V there exist forgetful S : Mon(V)→ V, U : Comon(V)→ V; when these
have a left or right adjoint respectively, they are called free monoid and cofree
comonoid functors. Evidently, the free monoid one is quite frequent.
Proposition 2.10. Suppose that V is a monoidal category with countable co-
products which are preserved by ⊗ on either side. The forgetful Mon(V)→ V
has a left adjoint L, and the free monoid on an object X is given by
LX =
∐
n∈N
X⊗n.
On the other hand, the existence of the cofree comonoid is more problematic,
and has been studied from various authors mainly in the context of vector
spaces or modules over a commutative ring. We are interested in Porst’s
approach [Por08a, Por08b] which in particular focuses on local presentability
properties inherited from V.
Recall that an accessible category C is one with a small set of κ-presentable
objects C (i.e. C(C,−) preserves κ-filtered colimits) such that every object
in C is the κ-filtered colimit of presentable objects, for some regular cardinal
κ. A functor between accessible functors is accessible if it preserves κ-filtered
colimits. A locally presentable category is an accessible category which is
cocomplete. More on the theory of locally presentable categories can be found
in the standard [AR94]. An important fact is that any cocontinuous functor
from a locally presentable category has a right adjoint; this can be seen as a
corollary to the following adjoint functor theorem, since presentable objects
form a small dense subcategory of C.
Theorem 2.11. [Kel05, 5.33] If the cocomplete C has a small dense subcate-
gory, every cocontinuous S : C → B has a right adjoint.
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Going back to monoids and comonoids, the following result establishes their
local presentability under certain assumptions. We then briefly sketch parts
of the proof because it will be later generalized, Proposition 4.31.
Proposition 2.12. [Por08b, 2.6-2.7] Suppose V is a locally presentable mo-
noidal category, such that ⊗ preserves filtered colimits in both variables.
(1) Mon(V) is finitary monadic over V and locally presentable.
(2) Comon(V) is a locally presentable category and comonadic over V.
The proof uses categories of functor algebras and coalgebras AlgF and
CoalgF for any endofunctor F : C → C, namely objects A equipped with
plain arrows FA → A or A → FA in C and morphisms that commute with
them. Their most important properties are the following.
Lemma 2.13. For any endofunctor F : C → C,
(1) AlgF → C creates all limits and those colimits preserved by F ;
(2) CoalgF → C creates all colimits and those limits preserved by F ;
(3) if C is locally presentable and F preserves filtered colimits, AlgF and
CoalgF are locally presentable.
Notably, these categories can be expressed as specific inserters AlgF =
Ins(F, idC) and CoalgF = Ins(idC, F ) and Item 3 then follows from the more
general ‘Limit Theorem’ [MP89, 5.1.6].
For the endofunctors with mappings T+(C) = (C ⊗ C) + I and T×(C) =
(C ⊗C)× I, Mon(V) is a complete full subcategory of the locally presentable
and finitary monadic over V category AlgT+, and Comon(V) is a cocomplete
full subcategory of the locally presentable and comonadic over V CoalgT×.
Specifically for comonoids, local presentability is deduced by expressing it as
an equifier of a triple of natural transformations between accessible functors.
Then comonadicity follows: in the commutative triangle
Comon(V)
U **❯❯
❯❯
❯❯
❯
  // CoalgT×

V
(6)
where all categories are locally presentable, both forgetful functors to V have
a right adjoint by Theorem 2.11, since they are cocontinuous. Moreover, the
right leg is comonadic by Item 2, and the inclusion preserves and reflects all
limits. Therefore it creates equalizers of split pairs and so does U , which
then satisfies the conditions of Precise Monadicity Theorem. In particular, the
existence of the cofree comonoid functor R : V → Comon(V) is established.
Another piece of structure inherited from V to Comon(V) in the locally
presentable context is monoidal closedness, again obtained from Theorem 2.11
for an adjoint of −⊗ C : Comon(V)→ Comon(V).
Proposition 2.14. [Por08b, 3.2] If V is a locally presentable braided monoidal
closed category, Comon(V) is also monoidal closed.
2.3. Universal measuring comonoid. One of the basic goals of [HLFV17a]
was to estabilsh an enrichment of the category of monoids in the category
of comonoids, under certain assumptions on V. Below we summarize certain
results; details can be found in Sections 4 and 5 therein.
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Recall [JK02] that an action of a monoidal category on an ordinary one is
given by a functor ∗ : V ×D → D expressing that D is a pseudomodule for the
pseudomonoid V in the monoidal 2-category (Cat,×, 1). In more detail, we
have natural isomorphisms with components
χX,Y,D : (X ⊗ Y ) ∗D ∼−→ X ∗ (Y ∗D) and νD : I ∗D ∼−→ D (7)
satisfying compatibility conditions. If ∗ is an action, then ∗op is an action too.
As a central example for our purposes, we have the action of the opposite
monoidal category on itself via the internal hom, see [HLFV17a, 3.7&5.1].
Lemma 2.15. Suppose V is a braided monoidal closed category. The internal
hom [−,−] : Vop × V → V constitutes an action of Vop on V. Moreover, the
induced Mon[−,−] : Comon(V)op ×Mon(V)→Mon(V) (5) is an action of
the monoidal Comon(V)op on Mon(V). Similarly for their opposite functors.
A very important fact is that given a category D with an action from a
monoidal category V with a parametrized adjoint, we obtain a V-enriched
category. This follows from a much stronger result of [GP97] for categories
enriched in bicategories; details can be found in [JK02] and [Vas14, §4.3]. For
the explicit definitions of (co)tensored enriched categories, see [Kel05, 3.7].
Theorem 2.16. Suppose that V is a monoidal category which acts on a cat-
egory D via a functor ∗ : V × D → D, such that − ∗ D has a right adjoint
F (D,−) for every D ∈ D with a natural isomorphism
D(X ∗D,E) ∼= V(X,F (D,E)).
Then we can enrich D in V, in the sense that there is a V-category D with
hom-objects D(A,B) = F (A,B) and underlying category D.
Moreover, if V is monoidal closed, the enrichment is tensored, with X ∗D
the tensor of X∈V and D∈D. If V is moreover braided, the enrichment is
cotensored if X ∗ − has a right adjoint; finally, we can also enrich Dop in V.
By Lemma 2.15, the internal hom induces specific actions; their parametri-
zed adjoints will induce the desired enrichment of monoids in comonoids.
The following follows from Theorem 2.11 applied to the locally presentable
Comon(V) by Proposition 2.12.
Theorem 2.17. [HLFV17a, Thm 4.1] If V is a locally presentable braided
monoidal closed category, the functorMon[−, B]op : Comon(V)→Mon(V)op
has a right adjoint P (−, B), i.e. there is a natural isomorphism
Mon(V)(A, [C,B]) ∼= Comon(V)(C, P (A,B)).
The parametrized adjoint of the functor Mon[−,−]op, namely
P : Mon(V)op ×Mon(V)→ Comon(V) (8)
is called the Sweedler hom, and P (A,B) is called the universal measuring
comonoid, generalizing Sweedler’s measuring coalgebras of [Swe69, §VII] as
well as the finite dual P (A, I) = Ao of an algebra A.
Moreover, each Mon[C,−]op turns out to also have a right adjoint (C ⊲−)op
[Vas14, §6.2], and the induced functor of two variables
⊲ : Comon(V)×Mon(V)→Mon(V) (9)
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is called the Sweedler product in [AJ13].
Applying Theorem 2.16 to the braided monoidal closed Comon(V) (Propo-
sition 2.14) andD =Mon(V)op, we obtain the following [HLFV17a, Thm. 5.2].
Theorem 2.18. Suppose V is locally presentable and braided monoidal closed.
(1) The category Mon(V)op is a monoidal Comon(V)-category, tensored
and cotensored, with hom-objects Mon(V)op(A,B) = P (B,A).
(2) The category Mon(V) is a monoidal Comon(V)-category, tensored
and cotensored, with Mon(V)(A,B) = P (A,B), cotensor [C,B] and
tensor C ⊲ B for any comonoid C and monoid B.
2.4. Fibrations. We recall some basic facts and constructions from the theory
of fibrations and opfibrations. A few indicative references for the general theory
are [Her94, Bor94b, Jac99], and for our specific context [Vas14, §5].
A functor P : A → X is a fibration when for every arrow f : X → Y in
the base category X and every object B in the total category A above Y , i.e.
P (B) = Y , there exists a cartesian morphism with codomain B above f . If
we denote it φ : A → B, this means that for any g : X → X ′ and A′ → B as
in the diagram below, there exists a unique factorization through the domain
of the cartesian morphism over g:
A′
θ
,,❨❨❨❨❨❨
❨❨❨❨❨❨
❨❨❨❨❨❨
❨❨❨❨
∃!ψ ))❙
❙❙
❙❙

A
φ
//

B

in A
X ′ f◦g=Pθ
,,❨❨❨❨❨❨
❨❨❨❨❨❨
❨❨❨❨❨❨
❨❨❨❨
g ))❙❙❙
❙❙❙❙
❙❙❙
X
f=Pφ
// Y in X
For each X in the base, its fibre category AX ⊂ A consists of objects above X
and morphisms above the identity idX , called P -vertical. We call φ a cartesian
lifting of B along f . Assuming the axiom of choice, cartesian liftings can be
selected (up to vertical isomorphism) for each morphism f in the base and
object B ∈ Acodf , henceforth denoted Cart(f, B) : f
∗B → B.
Dually, a functor U : C → X is an opfibration when its opposite functor Uop
is a fibration: for every g : X → Y in the base and C ∈ CX above the domain,
there is a cocartesian morphism from C above g, the cocartesian lifting of C
along g denoted Cocart(g, C) : C → g!C.
Any arrow in the total category of an (op)fibration factorizes uniquely into
a vertical morphism followed by a (co)cartesian one:
A
θ //
ψ
✤
✤ B

f ∗B
Cart(f,B)
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥

in A
X
f
// Y in X,
C

γ //
Cocart(g,C) ))❚❚❚
❚❚❚❚
❚❚❚❚
❚❚❚ D
f!C
δ
OO✤
✤

in C
X
g
// Y in X.
(10)
The choice of (co)cartesian liftings in an (op)fibration induces a so-called rein-
dexing functor between the fibre categories
f ∗ : AY → AX and g! : CX → CY
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respectively, for each morphism f or g : X → Y in the base category, mapping
each object to the (co)domain of its lifting.
Remark 2.19. Due to the unique factorization of arrows in a (op)fibration
through (co)cartesian liftings, we can deduce that a fibration P : A → X is also
an opfibration (consequently a bifibration) if and only if, for every f : X → Y
the reindexing f ∗ : AY → AX has a left adjoint, namely f! : AX → AY (e.g.
[Her93, Proposition 1.2.7]).
An oplax fibred 1-cell (S, F ) between P : A → X and Q : B → Y is given by
a commutative square of categories and functors
A
S //
P

B
Q

X
F
// Y
called an oplax morphism of fibrations in [Shu08, Def. 3.5]; this name is justified
by the correspondence of Theorem 2.20. By (10), we always have a comparison
vertical morphism
Sf ∗B
SCart(f,B)
//
ψ ✤
✤
SB

(Ff)∗SB
Cart(Ff,SB)
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣

in B
FX
Ff
// FY in Y,
to the chosen Q-cartesian lifting of SB along Ff . If moreover S preserves
cartesian arrows, meaning that if φ is P -cartesian then Sφ is Q-cartesian or
equivalently the above comparison map is an isomorphism, the pair (S, F ) is
called a fibred 1-cell or strong morphism of fibrations.
In particular, when P and Q are fibrations over the same base X, we may
consider oplax morphisms or fibred 1-cells of the form (S, 1X) displayed as
A
S //
P ✽
✽✽
✽✽
✽✽
B
Q✞✞
✞✞
✞✞
X
when S is called (oplax) fibred functor. Dually, we have the notion of an
lax opfibred 1-cell (K,F ), opfibred 1-cell when K is cocartesian, and (lax)
opfibred functor (K, 1X). Notice that any oplax fibred 1-cell (S, F ) determines
a collection of functors
SX : AX −→ BFX
between the fibres, as the restriction of S to the corresponding subcategories.
A fibred 2-cell between oplax fibred 1-cells (S, F ) and (T,G) is a pair of
natural transformations (α : S ⇒ T, β : F ⇒ G) with α above β, i.e. Q(αA) =
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βPA for all A ∈ A, displayed
A
S
))
T
55
✤✤ ✤✤
 α
P

B
Q

X
F
))
G
55
✤✤ ✤✤
 β Y.
A fibred natural transformation is of the form (α, 11X) : (S, 1X)⇒ (T, 1X) which
ends up having vertical components, Q(αA) = 1PA. Notice that if the 1-cells
are strong, the definition of a 2-cell between them remains the same. Dually,
we have the notion of an opfibred 2-cell and opfibred natural transformation
between lax opfibred 1-cells and functors respectively.
We obtain 2-categories Fibopl and Fib of fibrations over arbitrary base cat-
egories, (oplax) fibred 1-cells and fibred 2-cells. In particular, there are 2-
categories Fibopl(X) and Fib(X) of fibrations over a fixed base category X,
(oplax) fibred functors and fibred natural transformations. Dually, we have
the 2-categories OpFib(lax) and OpFib(lax)(X).
The fundamental Grothendieck construction [Gro61] establishes a standard
equivalence between fibrations and pseudofunctors, Definition 2.2. Starting
with a pseudofunctor M : Xop → Cat, we can form the Grothendieck category∫
M with objects pairs (A,X) ∈ MX × X and morphisms (A,X) → (B, Y )
pairs (φ : A → (M f)B, f : X → Y ) ∈ MX × X. This is fibred over X, with
fibres (
∫
M )X = MX , reindexing functors M f and chosen cartesian liftings
((M f)B,X)
(1(Mf)B ,f) //

(B, Y )

in
∫
M
X
f // Y in X.
(11)
Using similar machinery [Shu08, Prop. 3.6], we obtain respective correspon-
dences for oplax fibred 1-cells and oplax natural transformations.
Theorem 2.20. There are equivalences of 2-categories
Fibopl(X) ≃ [X
op,Cat]opl
Fib(X) ≃ [Xop,Cat]
between the 2-categories of fibrations with fixed base and pseudofunctors with
oplax or pseudonatural transformations and modifications.
There is also a 2-equivalence ICat ≃ Fib between fibrations over arbitrary
bases and an appropriately defined 2-category of pseudofunctors with arbitrary
domain; for more details, see [Her93]. Along with the dual versions for opfi-
brations, namely OpFib(X) ≃ [X,Cat], these equivalences allow us to freely
change our perspective between (op)fibrations and pseudofunctors.
Moving on to notions of adjunctions between fibrations, we obtain the follow-
ing definitions as adjunctions in the respective 2-categories of (op)fibrations.
Definition 2.21. Given fibrations P : A → X and Q : B → Y, a general
(oplax) fibred adjunction is given by a pair of (oplax) fibred 1-cells (L, F ) : P →
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Q and (R,G) : Q→ P together with fibred 2-cells (ζ, η) : (1A, 1X)⇒ (RL,GF )
and (ξ, ε) : (LR, FG)⇒ (1B, 1Y) such that L ⊣ R via ζ, ξ and F ⊣ G via η, ε.
This is displayed as
A
P

L //
⊥ B
R
oo
Q

X
F //
⊥ Y
G
oo
and we write (L, F ) ⊣ (R,G) : Q→ P .
Notice that by definition, ζ is above η and ξ is above ε, hence (P,Q) is in
particular an ordinary map between adjunctions. Dually, we have the notions
of general (lax) opfibred adjunction and opfibred adjunction in OpFiblax.
In [HLFV17b, §3.2], conditions under which a fibred 1-cell has an adjoint
are investigated in detail. Below we only recall the case of general lax opfibred
adjunction, due to the applications that follow.
Theorem 2.22. Suppose (K,F ) : U → V is an opfibred 1-cell and F ⊣ G is
an adjunction with counit ε between the bases of the opfibrations, as in
C
K //
U

D
V

X
F //
⊥ Y.
G
oo
If, for each Y ∈ Y, the composite functor between the fibres
CGY
KGY−−−→ DFGY
(εY )!
−−−→ DY (12)
has a right adjoint for each Y ∈ Y, then K has a right adjoint R between the
total categories and (K,F ) ⊣ (R,G) is a general lax opfibred adjunction.
Finally, in [Vas18] the notion of an enriched fibration is discussed in length;
we gather the basic definitions in order to employ them in the setting of double
categories later. The following generalizes the notion of a (right) parametrized
adjunction from Cat to Fibopl or OpFiblax.
Definition 2.23. For fibrations H,K, a fibred parametrized adjunction con-
sists of
A× B
F //
H×J

C
K

X× Y
G
// Z,
Bop × C
R //
Jop×K

A
H

Yop × Z
S
// X
such the following is a general oplax fibred adjunction
A
H

F (−,B)
//
⊥ C
K

R(B,−)
oo
X
G(−,JB)
//
⊥ Z.
S(JB,−)
oo
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Dually, an opfibred parametrized adjunction consists of 1-cells as above, induc-
ing a general lax opfibred adjunction.
Note that by general arguments, R(B,−) automatically preserves cartesian
morphisms and dually, F (−, B) preserves cocartesian morphisms.
Identifying the pseudomonoids in the cartesian monoidal 2-category Fib, we
obtain the following definition, also [Shu08, 12.1].
Definition 2.24. A fibration T : V →W is monoidal when V,W are monoidal
categories, T is a strict monoidal functor and the tensor product ⊗V preserves
cartesian arrows.
A fibration is symmetric monoidal when it is a strict braided monoidal func-
tor between symmetric monoidal categories. Next, expressing a pseudomodule
in (Fib,×, 1I) gives the following, [Vas18, Def. 3.3].
Definition 2.25. A monoidal fibration T : V → W acts on the fibration
P : A → X when there exists a fibred 1-cell
V × A
∗ //
T×P

A
P

W× X
⋄
// X.
(13)
where the functors ∗ : V ×A → A and ⋄ : W× X→ X are ordinary actions of
the monoidal V, W on A and X respectively, such that the action constraints
are compatible in the sense that
PχAXY A = χ
X
(TX)(TY )(PA), P ν
A
A = ν
X
PA (14)
for all X, Y ∈ V and A ∈ A, following the notation from (7).
With the purpose of generalizing the action-induced enrichment from Cat
in Theorem 2.16 to Fibopl, we conclude to [Vas18, Def. 3.8].
Definition 2.26. If T : V → W is a monoidal fibration, we say an ordinary
fibration P : A → X is enriched in T when
• A is enriched in V, X is enriched in W and the following commutes:
Aop ×A
A(−,−)
//
P op×P

V
T

Xop × X
X(−,−)
//W
• composition and identities of the enrichments are compatible, in that
TMAA,B,C = M
X
PA,PB,PC and Tj
A
A = j
X
PA.
Dually, we have the notion of an opfibration enriched in a monoidal opfibra-
tion. Moreover, we say that a fibration P is enriched in a monoidal opfibration
T if and only if the opfibration P op is T -enriched. Finally, [Vas18, Thm. 3.11]
gives a direct way of obtaining an enriched fibration.
Theorem 2.27. Suppose that T : V →W is a monoidal fibration, which acts
on an (ordinary) fibration P : A → X via the fibred 1-cell (13). If this action
has an oplax fibred parametrized adjoint (R, S) : P op × P → T , then we can
enrich the fibration P in the monoidal fibration T .
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We will later use the dual version, for which an action of a monoidal op-
fibration (a pseudomonoid in OpFib) induces an enrichment via an opfibred
parametrized adjunction.
3. Double categories
The setting of double categories, and more specifically fibrant monoidal dou-
ble categories, is crucial for this work’s development but also for further ap-
plications. A few references for the theory of double categories and results
relevant here are [GP99, GP04, Shu08]; the original concept of a double cate-
gory as a category internal in Cat goes back to [Ehr63]. In order to provide a
passage from double categories to bicategories, we largely follow the notation
and approach of [Shu10] where a method for constructing monoidal bicate-
gories from monoidal double categories is described.
We then proceed to the study of monads (see also [FGK11]) and comonads
in double categories, as well a natural (op)fibrational picture they form over
the vertical category induced by fibrancy conditions. In the monoidal case,
these are in fact monoidal (op)fibrations in the sense of the previous section.
Finally, by introducing the notion of a locally closed monoidal double cate-
gory, capturing a closed structure for both vertical and horizontal categories,
we are able to explore enrichment relations between the category of monads
and comonads, sometimes forming an enriched fibration.
3.1. Background on fibrant double categories. We recall the central def-
initions and fix our notation.
Definition 3.1. A (pseudo) double category D consists of a category of objects
D0 and a category of arrows D1, with (identity, source and target, composition)
structure functors
1 : D0 → D1, s, t : D1 ⇒ D0, ⊙ : D1×D0D1 → D1
such that s(1A)=t(1A)=A, s(M⊙N)=s(N), t(M⊙N)=t(M) for all A ∈ obD0
and M,N ∈ obD1, equipped with natural isomorphisms
α : (M ⊙N)⊙ P
∼
−→M ⊙ (N ⊙ P )
λ : 1s(M) ⊙M
∼
−→ M ρ : M ⊙ 1t(M)
∼
−→M
in D1 such that t(α), s(α), t(λ), s(λ), t(ρ), s(ρ) are all identities, and satisfying
the usual coherence conditions (as for a bicategory (1)).
The objects of D0 are called 0-cells and the morphisms f : A → B of
D0 are called vertical 1-cells. The objects of D1 are the horizontal 1-cells or
proarrows, M : A //• B . The morphisms of D1 are the 2-morphisms
A
M //•
✤✤ ✤✤
 α
f

B
g

C
N
//• D
(15)
or fαg : M ⇒ N , where s(α) = f and t(α) = g. The composition of vertical
1-cells and the vertical composition of 2-morphisms are strictly associative,
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whereas horizontal composition of horizontal 1-cells and 2-morphisms is asso-
ciative up to isomorphism, written
A
M //•
f

✤✤ ✤✤
 α
B
g

C
N //•
h

✤✤ ✤✤
 β
D
k

E
P
//• F
=
A
M //•
hf

B
kg

C
✤✤ ✤✤
 βα
E
P
//• F,
A
M //•
f

✤✤ ✤✤
 α
B
N //•
g

✤✤ ✤✤
 β
C
h

D
P
//• E
K
//• F
=
A
N⊙M //•
f

✤✤ ✤✤
 β⊙α
C
h

D
K⊙P
//• F.
(16)
Strict (vertical) identities are idA : A→ A and idM : M ⇒ M , and horizontal
units are 1A : A //• A and
f1ff : 1A ⇒ 1B. Functoriality of the horizontal
composition results in the relation 1N ⊙ 1M = 1N⊙M and the interchange law
(β ′β)⊙(α′α) = (β ′⊙α′)(β⊙α). A 2-morphism with identity source and target
vertical 1-cell, like a, l, r above, is called globular.
The opposite double category Dop is the double category with vertical cat-
egory Dop0 and horizontal category D
op
1 . There also exist the horizontally op-
posite double category Dhop and vertically opposite double category Dvop with
opposite horizontal and vertical categories respectively.
For every double category D there is a corresponding bicategory denoted by
H(D), called its horizontal bicategory ; in a sense, it comes from discarding the
vertical structure of the double category. It consists of the objects, horizontal
1-cells and globular 2-morphisms, and the required axioms are satisfied by
default. Many well-known bicategories arise as the horizontal bicategories of
specific double categories: in fact, all the examples of Section 2.1 can be seen
as such for the following double categories, see e.g. [GP99, Shu08].
• Span(C) and Rel(C) with vertical category C;
• BMod with vertical category Rng of rings and ring homomorphisms;
• (V-)Prof with vertical category (V-)Cat.
What is evident from the above examples is that the double categorical per-
spective includes not only the morphisms which the bicategorical structure is
usually named after and describes best, but also the more fundamental, strict
morphisms between the objects: functions, ring maps and functors above.
Definition 3.2. For D and E (pseudo) double categories, a pseudo double
functor F : D → E consists of functors F0 : D0 → E0 and F1 : D1 → E1
between the categories of objects and arrows, such that s ◦ F1 = F0 ◦ s and
t ◦ F1 = F0 ◦ t, and natural transformations F⊙, FU with components globular
isomorphisms F1M ⊙ F1N ∼−→ F1(M ⊙ N) and 1F0A ∼−→ F1(1A) which satisfy
the usual coherence axioms (2) and (3) for a pseudofunctor.
Due to the compatibility of F0, F1 with sources and targets, we can write
the mapping of F1 on 1-cells and 2-morphisms as
A
M //•
f

✤✤ ✤✤
 α
B
g

C
N
//• D
7→
F0A
F1M //•
F0f

✤✤ ✤✤
 F1α
F0B
F0g

F0C
F1N
//• F0D
(17)
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We also have notions of lax and colax double functors between pseudo double
categories, where the natural transformations F⊙ and FU have components
globular 2-morphisms in one of the two possible directions respectively. The
full definitions can be found in the appendix of [GP99] or [GP04].
Any lax/colax/pseudo double functor F : D → E naturally induces a
lax/colax/pseudo functor, Definition 2.2, between the respective horizontal
bicategories. It is denoted by HF : H(D) → H(E), where each A ∈ D0 is
mapped to F0A ∈ E0, and there are ordinary functors HFA,B : H(D)(A,B)→
H(E)(F0A, F0B) mapping globular 2-cells to globular 2-cells via (17).
With an appropriate notion for transformations between double functors,
there is a 2-category Dbl of double categories. A monoidal double category
then is a pseudomonoid therein, see [Shu10, 2.9] for the full definition. Notably,
in [GP04] the tensor product ⊗ is required to be a colax double functor rather
than pseudo double.
Definition 3.3. A monoidal double category is a double category D equipped
with pseudo double functors ⊗ = (⊗1,⊗1) : D × D → D and I : 1 → D
and invertible transformations expressing associativity and unity constraints,
subject to axioms.
These amount to (D0,⊗0, I) and (D1,⊗1, 1I) being monoidal categories with
units I = I(∗) and 1I : I • // I, s, t being strict monoidal and preserving asso-
ciativity and unit constraints, and the existence of globular isomorphisms
(M ⊗1 N)⊙ (M
′ ⊗1 N
′) ∼= (M ⊙M ′)⊗1 (N ⊙N
′) (18)
1(A⊗0B)
∼= 1A ⊗1 1B
subject to coherence conditions.
A braided or symmetric monoidal double category D is one for which D0,
D1 are braided or symmetric, and the source and target functors s, t are strict
braided monoidal, subject subject to two more axioms. By definition (17), ⊗1
is the following mapping:
⊗1 : D1 × D1 // D1 (19)
(A •
M //
f

✤✤ ✤✤
 α
B,
g

C
N
• //
h

✤✤ ✤✤
 β
D)
k

✤ // A⊗0 C
M⊗1N
• //
f⊗0h

✤✤ ✤✤
α⊗1β
B ⊗0 D
g⊗0k

(A′
M ′
• // B′, C ′
N ′
• // D′) ✤ // A′ ⊗0 B
′
M ′⊗1N
′
• // B′ ⊗1 D
′
Passing on to the theory of fibrant double categories, it is the case that in
many examples of double categories, there exists a canonical way of turning
vertical 1-cells into horizontal 1-cells. Such links have been studied in various
works, and the terminology used below can be found in [GP04, Shu08, DPP10].
Definition 3.4. Let D be a double category and f : A→ B a vertical 1-cell.
A companion of f is a horizontal 1-cell fˆ : A //• B together with 2-morphisms
A
fˆ //•
✤✤ ✤✤
 p1f

B
idB

B
1B
//• B
and
A
1A //•
✤✤ ✤✤
 p2idA

A
f

A
fˆ
//• B
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such that p1p2 = 1f and p1 ⊙ p2 ∼= 1fˆ . Dually, a conjoint of f is a horizontal
1-cell fˇ : B //• A together with 2-morphisms
B
fˇ //•
✤✤ ✤✤
 q1idB

A
f

B
1B
//• B
and
A
1A //•
✤✤ ✤✤
 q2f

A
idA

B
fˇ
//• A
such that q1q2 = 1f and q2 ⊙ q1 ∼= 1fˇ .
The ideas which led to the above definitions go back to [BS76], where a
connection on a double category corresponds to a strictly functorial choice of
a companion for each vertical arrow.
Definition 3.5. [Shu10, Definition 3.4] A fibrant double category is a double
category for which every vertical 1-morphism has a companion and a conjoint.
Fibrant double categories are also called framed bicategories or equivalently
proarrow equipments [Woo82, Ver11]. The above definition’s equivalence with
the following can be found for example at [Shu08, Thm. 4.1].
Definition 3.6. A fibrant double category is one where the functor
(s, t) : D1 −→ D0 × D0
mapping each horizontal 1-cell and 2-morphism to the pair of source and target
is a fibration, or equivalently an opfibration.
In this view, the canonical cartesian lifting of some N : C • // D along a pair
of vertical morphisms f : A→ C, g : B → D
gˇ ⊙N ⊙ fˆ
Cart((f,g),N)
//

N

D1
(s,t)

(A,B)
(f,g)
// (C,D) D0 × D0
is A
f

fˆ //•
✤✤ ✤✤
 p
f
1
C
N //•
✤✤ ✤✤
 1N
D
gˇ //•
✤✤ ✤✤
 q
g
1
C
g

C
1C
//• C
N
//• D
1D
//• F
(20)
Many properties for fibrant double categories can be deduced from the com-
panion and conjoint definitions. The following lemma gathers the most useful
for us; the explicit proofs can be found in [Shu10], or can be easily deduced
e.g. via mates and factorization through lifting (10) for Item 2.
Lemma 3.7. Suppose D is a fibrant double category.
(1) Companions and conjoints of a vertical 1-cell are essentially unique (up
to unique globular isomorphism).
(2) For any vertical 1-cells f : A → C, g : B → D and horizontal 1-cells
M : A • // B, N : C • // D, we have bijections between
H(D)(M, gˇ ⊙N ⊙ fˆ) ∼= H(D)(gˆ ⊙M,N ⊙ fˆ) ∼= (21)
H(D)(M ⊙ fˇ , gˇ ⊙N) ∼= H(D)(gˆ ⊙M ⊙ fˇ , N)
and the 2-morphisms M ⇒ N with source and target f and g (15).
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(3) The horizontal composites gˆ ⊙ fˆ and gˇ ⊙ fˇ are the companion and
the conjoint of the vertical composite gf , for any composable vertical
1-cells.
(4) The companion and conjoint of the vertical identities are the horizontal
identites, îdA = |idA = 1A.
(5) For any vertical 1-cell f : A→ B, we have an adjunction fˆ ⊣ fˇ in the
horizontal bicategory H(D).
(6) If D is also monoidal, fˆ⊗1 gˆ and fˇ⊗1 gˇ are the companion and conjoint
of f ⊗0 g for any vertical 1-cells f , g.
For example, V-Prof is a fibrant double category: the companion and con-
joint for a V-functor F : A → B are given by the representable profunctors
Fˆ = F∗ : A
✤
// B by F∗(B,A) = B(B,FA)
Fˇ = F ∗ : B ✤ // A by F ∗(A,B) = B(FA,B)
For Span(C), the companion and conjoint of a function f : A → B are fˇ =
(idA, f) and fˆ = (f, idB), whereas for BMod a ring morphism f : A→ B gives
rise to B as a left-A right-B bimodule but also as a left-B right-A bimodule
via restriction of scalars.
A fundamental property of a fibrant double category with a monoidal struc-
ture is that its horizontal bicategory inherits it. This process, studied in detail
in [Shu10], allows us to reduce a lengthy and demanding task of verifying the
coherence conditions of monoidal structure on a bicategory into a much more
concise one, essentially involving a pair of ordinary monoidal categories.
Theorem 3.8. [Shu10, Theorem 5.1] If D is a fibrant monoidal double cate-
gory, then H(D) is a monoidal bicategory. If D is braided or symmetric, then
so is H(D).
Evidently, the monoidal structure of the bicategory consists of the induced
pseudofunctor of bicategories H(⊗) : H(D)×H(D)→ H(D) and the monoidal
unit 1I of D1, for a (D,⊗, I) as in Definition 3.3.
3.2. Monads and comonads in double categories. Suppose D is a double
category. Define the category of endomorphisms D•1 to be the (non-full) sub-
category of D1 of all horizontal endo-1-cells and 2-morphisms with the same
source and target. Explicitly, objects are of the form M : A //• A and arrows
A
M //•
✤✤ ✤✤
 αf

A
f

B
N
//• B
(22)
denoted by αf : MA → NB. In [FGK11], this category coincides with the verti-
cal 1-category of the double category End(D) of (horizontal) endomorphisms,
horizontal endomorphism maps, vertical endomorphism maps and endomor-
phism squares in D.
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Definition 3.9. A monad in a double category D is a horizontal endo-1-
cell M : A //• A i.e. an object in D•1, equipped with globular 2-morphisms
A
M //•
✤✤ ✤✤
 midA

A
M //• A
idA

A
M
//• A,
A
1A //•
✤✤ ✤✤
 ηidA

A
idA

A
M
//• A
satisfying the usual associativity and unit laws; this is the same as a monad in
its horizontal bicategory H(D) (Definition 2.4). A monad morphism consists
of an arrow αf : MA → NB in D
•
1 which respects multiplication and unit:
A
M //•
f 
✤✤ ✤✤
 α
A
M //•
f
✤✤ ✤✤
 α
A
f
B
N
//•
✤✤ ✤✤
m
B
N
//• B
B
N
//• B
=
A
M //•
✤✤ ✤✤
m
A
M //• A
A
M
//•
f

✤✤ ✤✤
 α
A
f

B
N
//• B,
A
1A //•
✤✤ ✤✤
 η
A
A
M
//•
f 
✤✤ ✤✤
 α
A
f
B
N
//• B
=
A
1A //•
f 
✤✤ ✤✤
 1f
A
f
B
1B
//•
✤✤ ✤✤
 η
B
B
N
//• B.
(23)
We obtain a non-full subcategory of D1, the category Mnd(D). These def-
initions can be found in [Shu08] under the names of monoids and monoid
homomorphisms for fibrant double categories, as well as in [FGK11] as mon-
ads and vertical monad maps in a double category D. In the latter work,
Mnd(D) is the vertical category of Mnd(D), a double category of monads,
horizontal and vertical monad maps and monad squares.
Dually, we have the following definition.
Definition 3.10. There is a category Cmd(D) with objects comonads in D,
i.e. horizontal endo-1-cells C : A //• A equipped with globular 2-morphisms
A
C //•
idA

A
idA

A
C
//•
✤✤ ✤✤
 ∆
A
C
//• A,
A
C //•
idA

A
idA

A
C
//•
✤✤ ✤✤
 ǫ
A
satisfying the usual coassociativity and counit axioms for a comonad in the
horizontal bicategory H(D) (Definition 2.7). Arrows are comonad morphisms,
i.e. αf : CA → DB in D
•
1 satisfying dual axioms to (23).
Observe that Mnd(Dop) = Cmd(D)op, and that the forgetful functors
Mnd(D),Cmd(D) → D•1 → D1 reflect isomorphisms. Moreover, there are
also forgetful functors to D0, mapping a horizontal endo-1-cell M : A //• A to
its source and target A, and a 2-morphism αf : MA → NB to its source and
target f : A→ B; these are studied in detail below.
In [Vas14, §8], the above structures were called (co)monoids; the current
terminology is preferred due to the fact that it doesn’t require any monoidal
structure on the double category. A monoid in a monoidal double category
should correspond to a lax double functor 1 → D, which comes down to a
monoid in the vertical category D0 as the source and target of a monoid in the
horizontal category D1.
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We now consider how different notions of double functors relate to the cat-
egories of endomorphisms, monads and comonads. The following can be de-
duced from the definition of a double functor (17) in a straightforward way.
Corollary 3.11. Suppose that F : D→ E is a lax/colax/pseudo double functor.
Then F1 naturally induces an ordinary functor F
•
1 : D
•
1 → E
•
1.
For monads and comonads, the following resembles to standard properties
of monoidal functors, see Section 2.2, which is also part of [Shu08, 11.11]
Proposition 3.12. Any lax double functor F = (F0, F1) : D → E induces an
ordinary functor
MonF :Mnd(D)→Mnd(E)
between their categories of monads, by restricting F1 to Mnd(D). Dually, any
colax double functor induces a functor between the categories of comonoids,
ComonF : Cmd(D)→ Cmd(E).
Proof. A monad M : A //• A with m : M ⊙ M → M and η : 1M → M is
mapped to F1M : F0A //• F0A with multiplication and unit
F0A
F1M //•
✤✤ ✤✤
F⊙
F0A
F1M //• F0A
F0A
F1(M⊙M)
//•
✤✤ ✤✤
 F1m
F0A
F0A
F1M
//• F0A
and
F0A
F1(1A)//•
✤✤ ✤✤
FU
F0A
F0A 1F0A
//•
✤✤ ✤✤
 F1η
F0A
F0A
F1M
//• F0A
and the axioms follow from the axioms for F⊙ and FU . A monad map αf :
MA → NB is mapped to F
•
1α,
F0A
F1M //•
F0f

✤✤ ✤✤
F1α
F0A
F0f

F0B
F1N
//• F0B
which respects multiplications and units by naturality of F⊙ and FU . Similarly
for the induced functor between comonads. 
Remark 3.13. Recall by Remark 2.8 that monads in a bicategory are mo-
noids in a monoidal endo-hom-category with horizontal composition. This
point of view will be useful later, hence we should equivalently view double
categorical monads as MA ∈Mon(H(D)(A,A),⊙, 1A) and comonads as CA ∈
Comon(H(D)(A,A),⊙, 1A). (Co)monad morphisms cannot be expressed as
arrows therein, since the respective 2-morphisms are more general than just
globular ones; this is exactly why categories of double (co)monads capture
further desired structure.
Since (co)lax double functors induce (co)lax functors between the horizontal
bicategories, on the level of objects Proposition 3.12 coincides with Remark 2.5.
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As an application of the above, consider a monoidal double category (D,⊗, I)
as in Definition 3.3. The pseudo double functor ⊗ : D × D → D induces, by
Corollary 3.11 and Proposition 3.12, ordinary functors
⊗•1 : D
•
1 × D
•
1 → D
•
1
Mon⊗ : Mnd(D)×Mnd(D)→Mnd(D)
Comon⊗ : Cmd(D)×Cmd(D)→ Cmd(D)
given by ⊗1 (19) restricted to the specific subcategories of D1. Along with the
monoidal unit 1I : I //• I , and since the forgetful functors to the monoidal
D1 are conservative, we obtain the following.
Proposition 3.14. If D is a monoidal double category, then the categories
D•1, Mnd(D) and Cmd(D) inherit a monoidal structure from D1. When D is
braided or symmetric, then so are the categories of endomorphisms, monads
and comonads.
We now further study these categories in the fibrant setting, Definition 3.5.
The following is proved in detail, to serve as reference for future constructions.
Proposition 3.15. If D is a fibrant double category, D•1 is bifibred over D0.
Proof. Due to the correspondence of Theorem 2.20, it is enough to define
pseudofunctors from D
(op)
0 which give rise to a fibration and opfibration with
total categories isomorphic to D•1 via the Grothendieck construction; define
M : Dop0
// Cat,
A ✤ //
f

H(D)(A,A)
B ✤ // H(D)(B,B)
(fˇ⊙-⊙fˆ)
OO
F : D0 // Cat
A ✤ //
f

H(D)(A,A)
(fˆ⊙-⊙fˇ)

B ✤ // H(D)(B,B).
(24)
In more detail, the first one is given by the mapping on objects and arrows
(B
•
H
''
•
H′
77
✤✤ ✤✤
 σ B)
✤
// (A •
fˆ
// B
•
H
%%
•
H′
99
✤✤ ✤✤
 σ B •
fˇ
// A)
pre-composing with the companion and post-composing with the conjoint of
the given vertical 1-cell. For these mappings to constitute a pseudofunctor
M , we need certain natural isomorphisms satisfying coherence conditions as
in Definition 2.2. For every triple of 0-cells A,B,C, there is a natural isomor-
phism δ with components
H(D)(B,B) M f
))
H(D)(C,C)
M g 22
M (g◦f)
22
✤✤ ✤✤
 δg,f H(D)(A,A)
for any f : A → B and g : B → C, satisfying the commutativity of (2).
Explicitely, each δg,f has components, for each horizontal 1-cell J : C • // C,
δg,fJ : (M f ◦M g)J
∼
−→ M (g ◦ f)J = qf ⊙ qg⊙ J ⊙ ĝ⊙ f̂
∼
−→ |gf ⊙ J ⊙ ĝf (25)
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inH(D)(A,A), due to Lemma 3.7. Moreover, for any 0-cell A there is a natural
isomorphism γ with components
H(D)(A,A)
1H(D)(A,A)
,,
M (idA)
22
✤✤ ✤✤
 γA H(D)(A,A)
with components invertible arrows in H(D)(A,A)
γXG : G
∼
−→ M (idA)G = |idA ⊙ îdA (26)
again by Lemma 3.7; it can be verified that the axioms (3) are satisfied.
The Grothendieck category GM has as objects pairs (G,A) where A is a
0-cell and G is in H(D)(A,A), and as arrows (φ, f) : (G,A)→ (H,B) pairs{
G
φ
−→ fˇ ⊙H ⊙ fˆ in H(D)(A,A)
A
f
−→ B in D0.
It is not hard to verify its isomorphism with D•1: objects are the same (hori-
zontal endo-1-cells), and there is a bijective correspondence between the mor-
phisms, essentially given by (20). Given an arrow αf in D
•
1, we obtain a
composite 2-cell
A
M //•
✤✤ ✤✤
 αf 
A
f

B
N
//• B
7→
A
idA

1A //•
✤✤ ✤✤
 p2
A
M //•
f

✤✤ ✤✤
 α
A
f

1A //•
✤✤ ✤✤
 q2
A
idA
A
fˆ
//• B
N
//• B
fˇ
//• B
(27)
which is a morphism in GM , where p2 and q2 come with the companion and
conjoint as in Definition 3.4. This assignment is an isomorphism, with inverse
mapping β 7→ (q1 ⊙ 1N ⊙ p1)β for some β : M ⇒ fˇ ◦ N ◦ fˆ in H(D)(A,A).
Thus M gives rise to a fibration GM → D0 which is isomorphic to D
•
1 → D0
mapping GX to X and αf to f :
GM
∼= //
##❍
❍❍
❍❍
❍❍
❍❍
D•1
||②②
②②
②②
②②
D0
In a very similar way, it can be checked that F from (24) is a pseudofunc-
tor, using again standard properties of companions and conjoints. Therefore,
GF ∼= D•1 → D0 is an opfibration. 
Notice that D•1 being a bifibration over D0 could be deduced from the fibra-
tion part combined with Remark 2.19, since we have an adjunction (fˇ⊙-⊙fˆ) ⊢
(fˆ ⊙ -⊙ fˇ) for all f (Lemma 3.7).
Athough the above result was independently established as a generalization
of our case study of (co)categories, as will be clear later, the fibration was also
shown in [FGK11, Proposition 3.3], by restricting the cartesian liftings (20) of
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the fibration (s, t) : D1 → D0 to the category of endomorphisms, i.e.
Cart(f,N) = p1 ⊙ 1N ⊙ q1 : fˇ ⊙N ⊙ fˆ ⇒ N (28)
Cocart(f,N) = p2 ⊙ 1N ⊙ q2 : N ⇒ fˆ ⊙N ⊙ fˇ
Still, the pseudofunctor formulation of the above proof gives clearer perspec-
tives for the objects involved in the applications.
We can now adjust the above constructions to obtain similar results for
categories of monads and comonads in fibrant double categories. The following
lemma ensures that is feasible.
Lemma 3.16. For any vertical 1-cell f : A → B in a fibrant double category
D, the functors
fˇ ⊙−⊙ fˆ : H(D)(B,B) −→ H(D)(A,A)
fˆ ⊙−⊙ fˇ : H(D)(A,A) −→ H(D)(B,B)
are lax and colax monoidal respectively, for the monoidal endo-hom-categories
of the bicategory H(D) with horizontal composition.
Proof. For horizontal endo-1-cells M,N : B • // B, the lax monoidal structure
map
φM,N : fˇ ⊙M ⊙ fˆ ⊙ fˇ ⊙N ⊙ fˆ ⇒ fˇ ⊙M ⊙N ⊙ fˆ
is a natural transformation with components the composite 2-cells
A
•
fˆ

A •
fˆ // B •
N // B
•
fˇ 22
•
1B
//
✤✤ ✤✤
 ε˙
•
M
;;✤✤ ✤✤
 ∼=
B •
M // B •
fˇ // A
where ε˙ is the counit of the adjunction fˇ ⊣ fˆ . Similarly, φ0 is given by
A
•
1A
##
•
fˆ
// B •
1B
//
✤✤ ✤✤
 η˙
B •
fˇ
// A
where η˙ is the unit of fˇ ⊣ fˆ . These structure maps satisfy the usual conditions,
hence fˇ⊙−⊙ fˆ is a lax monoidal functor; dually, the colax monoidal structure
of fˆ ⊙−⊙ fˇ : H(D)(A,A)→ H(D)(B,B) can be identified. 
Due to this lax and colax monoidal structure, the induced monoid structure
of (fˇ ⊙ N ⊙ fˆ) for a monoid ( N : B • // B , µ, η) and the induced comonoid
structure of (fˆ ⊙ C ⊙ fˇ) for ( C : A • // A ,∆, ǫ) are
A •
fˆ

B
•
fˇ 11
•
1B
::
✤✤ ✤✤
 ε˙ B •N 
A •
fˆ // B
•
N 11
•
N
<<✤✤ ✤✤
 M
B •
fˇ // A
A
•
1A
((
•
◆◆
fˆ
''◆◆
A
B
•
1B
''
•
N
77
✤✤ ✤✤
 η
✤✤ ✤✤
 η˙
B,
•♦♦
fˇ
77♦♦
(29)
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B •
fˇ // A
•
C
""
•
C
--
✤✤ ✤✤
 ∆
A •
fˆ // B
A
•
fˆ
--
•
1A
$$✤✤ ✤✤
 η˙ A
•
C
BB
B •fˇ
BB
A
•
1A
::
•
C
$$✤✤ ✤✤
 ǫ
✤✤ ✤✤
 ε˙
A
•
❖❖ fˆ
''❖❖
B
•
1B
66
•♦♦
fˇ 77♦♦
B
(30)
where η˙, ε˙ are the unit and counit of fˇ ⊣ fˆ .
The above lemma provides a different, again independent, approach to the
monad fibration proof of [FGK11, Proposition 3.3].
Proposition 3.17. If D is a fibrant double category, Mnd(D) is fibred over
D0 and Cmd(D) is opfibred over D0.
Proof. We will address the opfibration part; the fibration is established simi-
larly. Once again, we will construct a pseudofunctor K : D0 → Cat for which
the Grothendieck construction gives a total category isomorphic to Cmd(D),
along with the evident forgetful functor to D0. It resembles F from (24), but
with fibre categories capturing the desired comonad structure.
An object A is mapped to the category Comon(H(D)(A,A),⊙, 1A) where
double categorical monads with source and target A live (Remark 3.13). A
vertical 1-cell f : A→ B is mapped to the functor
K f := fˆ ⊙−⊙ fˇ : Comon(H(D)(A,A))→ Comon(H(D)(B,B))
which is precisely the induced Comon(Ff) by Lemma 3.16. The fact that
these data form a pseudofunctor follows in a straightforward way from F being
a pseudofunctor; the natural isomorphisms δ and γ are given in a dual way to
(25) and (26) using Lemma 3.7.
The induced Grothendieck category GK has as objects pairs (C,A) where
C ∈ Comon(H(D)(A,A)) for a 0-cell A, and as arrows (C,A)→ (D,B) pairs{
fˆ ⊙ C ⊙ fˇ
ψ
−→ D in Comon(H(D)(B,B))
A
f
−→ B in D0.
This category is isomorphic to Cmd(D) since they have the same objects, and
there is a bijection between morphisms dually to (27)
A
C //•
✤✤ ✤✤
 αf 
A
f

B
D
//• B
7→
B
fˇ
• //
✤✤ ✤✤
 q1
A
C
• //
f

✤✤ ✤✤
 α
A
f

fˆ
• //
✤✤ ✤✤
 p1
B
B
1B
• // B
D
• // B
1B
• // B
where q1, p2 are as in Definition 3.4; checking that p1 ⊙ α ⊙ q1 is a comonoid
morphism follows from their properties. 
Finally, as the following result shows, these fibrations and opfibrations have
a monoidal structure in the sense of Definition 2.24, when D is moreover
monoidal.
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Proposition 3.18. Suppose that D is a fibrant monoidal double category. The
bifibration T : D•1 → D0 as well as the fibration S : Mnd(D)→ D0 and opfibra-
tion W : Cmd(D)→ D0 are monoidal.
Proof. By Proposition 3.14 and Definition 3.3 of a monoidal double cate-
gory, all categories involved are monoidal. Moreover, for horizontal endo-1-
cells M : A • // A and N : B • // B,
T (M ⊗1 N) = A⊗0 B = T (M)⊗1 T (N)
and similarly for P and W , by the mapping of ⊗1 (19) whose restriction on
D•1,Mnd(D),Cmd(D) is their tensor product.
Finally, ⊗•1 : D
•
1 × D
•
1 → D
•
1 preserves cartesian arrows: a pair of cartesian
liftings Cart(f,M) and Cart(g,N) as in (28) is mapped to the top arrow
(fˆ ⊙M ⊙ fˇ)⊗1 (gˆ ⊙N ⊙ gˇ)
Cart(f,M)⊗1Cart(g,N) //
∼=
✤
✤
✤
M ⊗1 N

̂(f ⊗0 g)⊙ (M ⊗1 N)⊙ ­(f ⊗0 g)
Cart(f⊗0g,M⊗1N)
22❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢

in D•1
A⊗0 C
f⊗0g
// B ⊗0 C in D0
where the left side isomorphism is obtained by (18) and Lemma 3.7,(
(fˆ ⊙M)⊙ fˇ
)
⊗1
(
(gˆ ⊙N)⊙ gˇ
)
∼=
(
(fˆ ⊙M)⊗1 (gˆ ⊙N)
)
⊙ (fˇ ⊗1 gˇ)
∼= (fˆ ⊗1 gˆ)⊙ (M ⊗1 N)⊙ (fˇ ⊗1 gˇ)
This vertical isomorphism can be shown to make the triangle commute. The
proof is thus complete, since this vertical isomorphism is reflected to monads
and a dual cocartesian lifting triangle to comonads. 
3.3. Locally closed monoidal double categories. When D is a monoidal
double category as in Definition 3.3, both vertical and horizontal categories are
endowed with a monoidal structure, (D0,⊗0, I) and (D1,⊗1, 1I). Naturally, one
could expect that the appropriate notion of a monoidal closed double category
would result in a similar ‘local’ closed structure for the two categories D0 and
D1. For the following existing definition though, this does not seem to be the
case.
Definition 3.19. [GP04, §5] A (weakly) monoidal closed pseudo double cat-
egory D is a monoidal double category such that each pseudo double functor
(-⊗D) : D→ D has a lax right adjoint.
This definition uses lax adjunctions between pseudo double categories, as
described in [GP04, 3.2]; double adjunctions are also studied in [FGK12]. Since
these do not end up being relevant to the current work, we omit their details
and simply discuss what they mean in this particular context.
The lax double functor -⊗D consists of the ordinary functors (-⊗0D : D0 →
D0, - ⊗1 1D : D1 → D1). The existence of a lax right double adjoint, call it
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HomD(D,−), amounts in particular to two ordinary adjunctions
D0
−⊗0D //
⊥ D0
HomD0 (D,−)
oo , D1
−⊗11D //
⊥ D1
HomD1 (1D ,−)
oo
for any 0-cell D in D, such that conditions expressing compatibility with the
horizontal composition and identities are satisfied. It immediately follows that
D0 is a monoidal closed category; however this cannot be deduced for D1 as
well, since 1D is not an arbitrary horizontal 1-cell.
Due to the application of these notions to our context of interest later,
we proceed to the definition of a different closed-like structure which arises
naturally in what follows.
Definition 3.20. A monoidal (pseudo) double category D is called locally
closed monoidal if it comes equipped with a lax double functor
H = (H0, H1) : D
op × D −→ D
such that ⊗0 ⊣ H0 and ⊗1 ⊣ H1 are parametrized adjunctions.
By definition (17), the functor H1 in particular is the mapping
H1 : D
op
1 × D1 // D1 (31)
(X •
M //
f

✤✤ ✤✤
 α
Y,
g

Z
N
• //
h

✤✤ ✤✤
 β
W )
k

✤ // H0(X,Z)
H1(M,N)
• //
H0(f,h)

✤✤ ✤✤
 H1(α,β)
H0(Y,W )
H0(g,k)

(X ′
M ′
• // Y ′, Z ′
N ′
• // W ′) ✤ // H0(X
′, Z ′)
H1(M ′,N ′)
• // H0(Y
′,W ′)
Call H the internal hom of D. Clearly H0 gives a monoidal closed structure on
the vertical monoidal category (D0,⊗0, I) and H1 on the horizontal category
(D1,⊗1, 1I). The above arguments justify that a monoidal closed structure on
a double category does not imply a locally closed monoidal structure.
We will now explore the relations of this lax double functor H on a locally
closed monoidal double category D with the categories of endomorphisms, mon-
ads and comonads discussed in Section 3.2. Recall that by Proposition 3.14,
all these categories inherit a monoidal structure from D1.
Proposition 3.21. Suppose D is a locally closed monoidal double category,
with internal hom H = (H0, H1). Then H
•
1 endows the category of endomor-
phisms D•1 with a monoidal closed structure.
Proof. The lax double functor H induces H•1 : D
•
1
op × D•1 → D
•
1 by Corol-
lary 3.11. The natural isomorphism D1(M⊗1N,P ) ∼= D1(M,H1(N,P )) which
defines the adjunction (−⊗1 N) ⊣ H1(N,−) for the monoidal closed category
D1, considered only on endo-1-cells and endo-2-morphisms, implies that D
•
1 is
also a monoidal closed category via ⊗•1 ⊣ H
•
1 . 
By Proposition 3.12, the lax double functor H : Dop × D → D induces an
ordinary functor between the categories of (co)monads
MonH : Cmd(D)op ×Mnd(D)→Mnd(D) (32)
which isH•1 restricted onMnd(D
op×D) ∼=Mnd(Dop)×Mnd(D). This functor
is fundamental in order to study enrichment relations between the category
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of monads and comonads in a braided or symmetric locally closed monoidal
(fibrant) double category, by applying results from Sections 2.3 and 2.4. For
example, it is an action as explained below.
Lemma 3.22. The functor MonH : Cmd(D)op ×Mnd(D)→Mnd(D) in a
braided locally closed monoidal double category, as well as (MonH)op, is an
action.
Proof. The induced monoidal closed structure H•1 on the braided monoidal D
•
1,
as well as its opposite functor, are both actions of D•1
op and D•1 respectively, as
is the case in any braided monoidal closed category by Lemma 2.15. Therefore
there are structure isomorphisms as in (7),
H•1 (M ⊗N,P )
∼= H•1 (M,H
•
1 (N,P )), H
•
1 (I, P )
∼= P
for any endo-1-cells M,N, P satisfying compatibility conditions. Since the
forgetful functors from Cmd(D),Mnd(D) to D•1 reflect isomorphisms, MonH
and its opposite come equipped with these isomorphisms applied to M,N ∈
Cmd(D), P ∈Mnd(D) thus are actions. 
Theorem 3.23. Suppose that (D,⊗, I) is a braided locally closed monoidal
double category, with internal hom H. If the induced functor MonH has a
parametrized right adjoint, then the category of monads Mnd(D) is enriched
in the category of comonads Cmd(D).
Moreover, if Cmd(D) is monoidal closed this enrichment is cotensored, and
if each MonH(M,−) also has a right adjoint, the enrichment is tensored.
Proof. The category of comonads is braided monoidal by Proposition 3.14.
Since MonH and (MonH)op : Cmd(D) ×Mnd(D)op → Mnd(D)op are ac-
tions, the existence of a right adjoint for the latter
S : Mnd(D)op ×Mnd(D) −→ Cmd(D)
induces the desired enrichment of Mnd(D)op and thus of Mnd(D), by Theo-
rem 2.16. The rest of the clauses follow by assumption. 
Notice that monoidal closedness of Cmd(D) does not seem to follow in a
straightforward way from that of D•1, Proposition 3.21. Even in the application
that follows, this result is obtained after establishing (co)completeness and
(co)monadicity properties for the specific structure, which are heavily related
to the double category we choose to work in; see Proposition 4.33.
Moving to the fibrant case, we would now want to combine the above en-
richment with the (op)fibration structure of monads and comonads over D0 to
exhibit an enriched fibration, Definition 2.26. Towards that end, notice that
Cmd(D)×Mnd(D)op
(MonH)op
//
W×Sop

Mnd(D)op
Sop

D0 × (D0)
op
H
op
0
// D
op
0
(33)
commutes by definition of the involved functors, and moreover W , Sop are
monoidal opfibrations by Proposition 3.18. Finally, the actions (MonH)op
and (H0)
op are above each other in the sense of (14): by the mapping (31)
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that restricts as MonH to (co)monads, the source and target of the action
isomorphisms in Mnd(D) is precisely the action isomorphism in D0, e.g.
H0(X ⊗0 Y, Z)
∼=

•
H1(C⊗1D,M) //
✤✤ ✤✤
 ∼=
H0(X ⊗0 Y, Z)
∼=

H0(X,H0(Y, Z))
H1(C,H1(D,M))
• // H0(X,H0(Y, Z))
As a result, when MonH preserves cartesian liftings, then W acts on Sop in
the sense of Definition 2.25. We can now apply the dual of Theorem 2.27.
Theorem 3.24. Suppose D is a braided locally closed monoidal fibrant double
category. If (MonH)op is cocartesian, and (33) has an opfibred parametrized
adjoint as in Definition 2.23, then the fibration S : Mnd(D)→ D0 is enriched
in the symmetric monoidal opfibration W : Cmd(D)→ D0.
4. Enriched matrices and (co)categories
In this section, we initially study the double category of V-matrices. After
establishing its monoidal fibrant double categorical structure, special focus
will be given to its well-known horizontal bicategory of enriched matrices. The
main references for that are [BCSW83] and [KL01]; in the former, the more
general bicategoryW-Mat of matrices enriched in a bicategoryW was studied,
leading to the theory of bicategory-enriched categories.
Furthermore, we investigate the categories of monads and comonads in the
double category V-Mat. These are specifically V-Cat of V-enriched categories
and functors [Kel05], and V-Cocat of V-enriched cocategories and cofunctors.
Applying earlier results, passing from the double categorical to the bicategor-
ical view according to our needs, the goal is to establish an enrichment of
V-categories in V-cocategories.
As an intermediate step, V-enriched graphs are given special attention; they
provide a natural common framework for (co)categories, since both are graphs
with extra structure. In [ML98], the notion of a small (directed) graph is
employed to describe the free category construction (in analogy with the free
monoid construction on a set) and also O-graphs with a fixed set of objects O
inspires the fibrational view of these categories. For V-Grph and V-Cat from
a more traditional point of view, rather than the matrices approach followed
here, Wolff’s [Wol74] is a classical reference for a symmetric monoidal closed
base.
There is a 2-dimensional aspect for all the categories studied in this chapter,
e.g. V-natural transformations. We choose to omit its description in this
treatment, since it is not relevant to our main objectives.
4.1. V-matrices. Suppose that V is a monoidal category with coproducts
which are preserved by the tensor product functor −⊗− in each variable; for
example, this is certainly the case when V is monoidal closed.
For sets X and Y , a V-matrix S : X ✤ // Y from X to Y is defined to be a
functor S : X × Y → V, where the set X × Y is viewed as a discrete category.
This can equivalently given by a family of objects in V
{S(x, y)}(x,y)∈X×Y
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sometimes also denoted as {Sx,y}X×Y . For example, each set X gives rise to a
V-matrix 1X : X
✤
// X called the identity matrix given by
1X(x, x
′) =
{
I, if x = x′
0, otherwise
where I is the unit object in V and 0 is the initial object.
There is a double category V-Mat of V-matrices as in Definition 3.1, with
vertical category V-Mat0 the usual category of sets and functions Set. Its
horizontal category V-Mat1 consists of V-matrices S : X
✤
// Y as horizontal
1-cells, and 2-morphisms fαg : S ⇒ T are natural transformations
X
S //✤
✤✤ ✤✤
 α
f

Y
g

= X × Y
S
##
f×g
,,
✤✤ ✤✤
 α V
Z
T
//✤ W Z ×W T
<<
(34)
given by families of arrows αx,y : S(x, y)→ T (fx, gy) in V, for all x ∈ X and
y ∈ Y . There is a functor 1 : V-Mat0 → V-Mat1 which gives the identity V-
matrix 1X : X
✤
// X for each X , and the unit 2-morphism 1f with components
(1f)x,x′ : 1X(x, x
′)→ 1X(x, x
′) ≡
{
I
1I−→ I, if x = x′
0→ 0, if x 6= x′.
The source and target functors give the evident sets and functions, and the
horizontal composition functor
⊙ : V-Mat1×V-Mat0V-Mat1 → V-Mat1
maps two composable V-matrices T : Y ✤ // Z and S : X ✤ // Y to the matrix
T ◦ S : X ✤ // Z, given by the family of objects in V
(T ◦ S)(x, z) =
∑
y∈Y
S(x, y)⊗ T (y, z) (35)
for all z ∈ Z and x ∈ X , reminiscent of the usual matrix multiplication. The
horizontal composite of 2-morphisms f(β ⊙ α)g : T ◦ S ⇒ T ′ ◦ S ′ as in (16) is
given by the composite arrows∑
y S(x, y)⊗ T (y, z)
∑
αx,y⊗βy,z //
..
◗ ❘ ❚ ❯ ❱ ❲ ❨ ❩ ❬
∑
y S
′(fx, gy)⊗ T ′(gy, hz)
_
∑
y′ S
′(fx, y′)⊗ T ′(y′, hz)
(36)
in V, for all x ∈ X and z ∈ Z. Compatibility conditions of source and target
functors with composition can be easily checked.
For composable V-matrices X ✤
S
// Y ✤
T
// Z ✤
R
// W, the associator α has com-
ponents globular isomorphisms αR,T,S : (R⊙ T )⊙S
∼
−→ R⊙ (T ⊙S) given by
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the family {αx,w} of composite isomorphisms∑
z
(∑
y Sx,y ⊗ Ty,z
)
⊗ Rz,w //❴❴❴
∼=

∑
y Sx,y ⊗ (
∑
z Ty,z ⊗Rz,w)
∑
y,z ((Sx,y ⊗ Ty,z)⊗Rz,w) ∑ a
//
∑
y,z (Sx,y ⊗ (Ty,z ⊗ Rz,w))
∼=
OO
where a is the associativity constraint of V and the invertible arrows express the
fact that ⊗ commutes with colimits. Finally, for each V-matrix S : X ✤ // Y,
the unitors λ, ρ have components globular λS : 1Y ⊙S ∼−→ S, ρ
S : S⊙ 1X ∼−→ S
given by families
λSx,y :
∑
y′∈Y
S(x, y′)⊗ 1Y (y
′, y) ≡ S(x, y)⊗ I
rS(x,y)
−−−−→ S(x, y)
ρSx,y :
∑
x′∈X
1X(x, x
′)⊗ S(x′, y) ≡ I ⊗ S(x, y)
lS(x,y)
−−−−→ S(x, y).
of morphisms in V. The respective coherence conditions are satisfied, thus
these data indeed define a double category.
Moreover, V-Mat is fibrant as in Definition 3.5. Any function f : X → Y
determines two V-matrices, f∗ : X
✤
// Y and f ∗ : Y ✤ // X, given by
f∗(x, y) = f
∗(y, x) =
{
I, if f(x) = y
0, otherwise
(37)
These are precisely the companion and the conjoint of the vertical 1-cell f ,
since they come equipped with appropriate 2-cells as in Definition 3.4:
X
f∗ //✤
✤✤ ✤✤
 p1f

Y
Y
1Y
//✤ Y
X
1X✤ //
✤✤ ✤✤
 p2
X
f

X
f∗
//✤ Y are given by
f∗(x, y)
(p1)x,y
−−−−→ 1Y (fx, y) =
{
I
id
−→ I, if y = fx
0
id
−→ 0, otherwise
1X(x, x
′)
(p2)x,x′
−−−−→ f∗(x, fx
′) =

I
id
−→ I, if x = x′
0
!
−→
{
I, fx = fx′
0, else
if x 6= x′
satisfying the required relations, and similarly for f ∗.
When V is braided monoidal, the double category V-Mat has a monoidal
structure as in Definition 3.3. The required double functors ⊗ = (⊗0,⊗1) and
I = (I0, I1) consist of the cartesian monoidal structure on the vertical category
(Set,×, {∗}) and
⊗1 : V-Mat1 × V-Mat1 // V-Mat1 (38)
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(X ✤
S //
f

✤✤ ✤✤
 α
Y
g

, Z
T✤ //
h

✤✤ ✤✤
 β
W )
k

✤ // X × Z
S⊗T✤ //
f×h

✤✤ ✤✤
 α⊗β
Y ×W
g×k

(X ′
S′
✤ // Y ′ , Z ′
T ′
✤ // W ′) ✤ // X ′ × Z ′
S′⊗T ′
✤ // Y ′ ×W ′
which is defined on objects and morphisms by the families in V
(S ⊗ T ) ((x, z), (y, w)) := S(x, y)⊗ T (z, w) (39)
(α⊗ β)(x,z),(y,w) := S(x, y)⊗ T (z, w)
αx,y⊗βz,w
−−−−−−→ S ′(fx, gy)⊗ T ′(hz, kw).
Along with the V-matrix I : {∗} ✤ // {∗} given by I(∗, ∗) = IV , this defines a
monoidal structure of V-Mat1. The conditions for s and t are satisfied, and the
globular isomorphisms (18) come down to the tensor product in V commut-
ing with coproducts. More specifically, for matrices S : X ✤ // Y, T : Z ✤ // W,
S ′ : Y ✤ // U, T ′ : W ✤ // V we can compute the isomorphic families in V
((S ⊗1 T )⊙ (S
′ ⊗1 T
′))(x,z),(u,v) =
∑
(y,w)
Sx,y ⊗ Tz,w ⊗ S
′
y,u ⊗ T
′
w,v
((S ⊙ S ′)⊗1 (T ⊙ T
′))(x,z),(u,v) =
∑
y
(
Sx,y ⊗ S
′
y,u
)
⊗
∑
w
(
Tz,w ⊗ T
′
w,v
)
via the braiding, and also 1X×Y ∼= 1X ⊗1 1Y in a straightforward way. This
monoidal structure on V-Mat is symmetric, when the base monoidal cate-
gory V is symmetric. Then Set and V-Mat1 are both symmetric monoidal
categories, and the rest of the axioms follow.
Proposition 4.1. If V is a monoidal category with coproducts, such that the
tensor product preserves them in both variables, the double category V-Mat is
fibrant. Moreover, V-Mat is monoidal if V is braided monoidal, and inherits
the braided or symmetric structure from V.
Remark 4.2. It is evident that there is a strong relation between V-Mat and V-
Prof , the double category of V-profunctors. On a first level, we can see that V-
matrices are special cases of V-profunctors when the latter are considered only
on discrete categories. In [Shu08, 11.8], a more elaborate relation between these
double categories is established: Mod(V-Mat) = V-Prof for a construction
Mod building new fibrant double categories from old, with vertical category
that of monads.
When V is moreover monoidal closed with products, we can determine a
locally closed monoidal structure on V-Mat. Following Definition 3.20, we are
after a lax double functor
H = (H0, H1) : V-Mat
op × V-Mat→ V-Mat (40)
which endows V-Mat0 = Set and V-Mat1 with a monoidal closed structure.
For the vertical category, we clearly have the exponentiation functor
H0 : Set
op × Set
(−)(−)
−−−−→ Set
as the internal hom. For the horizontal category, we can define
H1 : V-Mat
op
1 × V-Mat1 // V-Mat1 (41)
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(X ✤
S //
f

✤✤ ✤✤
 α
Y
g

, Z
T✤ //
h

✤✤ ✤✤
 β
W )
k

✤ // ZX
H1(S,T )✤ //
hf

✤✤ ✤✤
 H1(α,β)
W Y
kg

(X ′
S′
✤ // Y ′ , Z ′
T ′
✤ // W ′) ✤ // Z ′X
′
H1(S′,T ′)
✤ // W ′Y
′
on horizontal 1-cells given by families of objects in V, for n ∈ ZX , m ∈ W Y ,
H1(S, T )(n,m) =
∏
x,y
[S(x, y), T (n(x), m(y))] (42)
and on 2-morphisms H1(α, β) : H1(S, T )(n,m)→ H1(S
′, T ′)(hf (n), kg(m)) by
families of arrows in V∏
x,y
[S(x, y), T (n(x), m(y))]→
∏
x′,y′
[S ′(x′, y′), T ′(hnf(x′), kmg(y′))] (43)
which correspond under (-⊗X) ⊣ [X,−] in V for fixed x′, y′ to the composite∏
x,y
[S(x, y), T (nx,my)]⊗ S ′(x′, y′) //❴❴❴❴❴❴❴❴
1⊗αx′,y′

T ′(hnfx′, kmgy′)
∏
x,y
[S(x, y), T (nx,my)]⊗ S(fx′, gy′)
πfx′,gy′⊗1

[S(fx′, gy′), T (nfx′, mgy′)]⊗ S(fx′, gy′)
ev // T (nfx′, mgy′).
βnfx′,mgy′
OO
The globular transformations from Definition 3.2 for a lax double functor
WZ ✘
H1(R,O)
((
Y X
✫H1(S,T ) //
✤✤ ✤✤
 δ(S,T ),(R,O)
✤
H1(R◦S,O◦T )
44 V U Y
X
✤1YX
''
✤
H1(1X ,1Y )
77
✤✤ ✤✤
 γ(X,Y ) Y
X
for each (R : Z ✤ // U, O : W ✤ // V ) and (S : X ✤ // Z, T : Y ✤ // W ) are given
by families of arrows in V∑
q∈WZ
H1(S, T )(k, q)⊗H1(R,O)(q, t)
δk,t
−−→
∏
(x,u)
[(R ◦ S)(x, u), (O ◦ T )(kx, tu)]
γk,k : I
∼
−→ [1X(x, x), 1Y (kx, kx)] = [I, I]
for all k ∈ Y X , t ∈ V U , x = x′ ∈ X . These again can be understood via their
transposes under the tensor-hom adjunction, i.e. composites of projections,
inclusions, braidings and evaluations, using the fact that the tensor product
preserves sums. The coherence axioms of Definition 2.2 as for a lax functor of
bicategories are satisfied, therefore H = (H0, H1) is a lax double functor.
Proposition 4.3. Under the above assumptions, the functor H1 (41) consti-
tutes a monoidal closed structure for (V-Mat1,⊗1, 1I).
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Proof. We need to show that −⊗1 T ⊣ H1(T,−) : V-Mat1 → V-Mat1 for any
V-matrix T : Z ✤ // W, i.e. there is a natural bijection between 2-morphisms
X × Z
S⊗1T✤ //
✤✤ ✤✤
 αf

Y ×W
g

U
P
✤ // V
and X
S✤ //
✤✤ ✤✤
 βk 
Y
l

UZ
H1(T,P )
✤ // V W
Taking components of the left side 2-morphism (34) and using the monoidal
closed structure of V, we deduce that any α(x,z),(y,x) : S(x, y) ⊗ T (z, w) →
P (f(x, z), g(y, w)) bijectively corresponds, for all x ∈ X, y ∈ Y, z ∈ Z,w ∈
W , to some V-morphism S(x, y)→ [T (z, w), P (f(x, z), g(y, w))]. Since V has
products and Set is closed, this uniquely corresponds to some
βx,y : S(x, y)→
∏
z,w
[T (z, w), P (fx(z), gy(w))]
for the transpose functions fx ∈ U
X , gy ∈ V
W and the proof is complete. 
Hence we built a lax double functor H which satisfies the conditions of
Definition 3.20; the desired result follows.
Corollary 4.4. If V is a braided monoidal closed category with products and
coproducts, the monoidal double category V-Mat is locally closed monoidal.
The horizontal bicategory H(V-Mat) of the double category of V-matrices
is the well-known bicategory V-Mat. In more detail, sets and V-matrices
are the 0- and 1-cells, and 2-cells between V-matrices S and S ′ are globular
2-morphisms, i.e. natural transformations
X
✤S
((
✤
S′
66
✤✤ ✤✤
 σ Y := X × Y
S
**
S′
44
✤✤ ✤✤
 σ V
given by families σx,y : S(x, y) → S
′(x, y) of arrows in V. The horizontal
composition ◦ : V-Mat(Y, Z) × V-Mat(X, Y ) → V-Mat(X,Z) is given by
matrix multiplication (35) on objects, and by the special case of (36) mapping
(σ, τ) to {(τ ∗ σ)x,z} = {
∑
σx,y ⊗ τy,z} on morphisms.
Many useful properties of the companion and conjoint (37) can be deduced
in the bicategorical context from Lemma 3.7. For example, for any f : X → Y
we have an adjunction f∗ ⊣ f
∗ in the bicategory V-Mat, with unit and counit
X
✤1X
''
✤
f∗◦f∗
77
✤✤ ✤✤
 η˙ X and Y
✤f∗◦f
∗
''
✤
1Y
77
✤✤ ✤✤
 ε˙ Y (44)
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with components arrows in V
ε˙y,y′ : (f∗ ◦ f
∗)(y, y′)→ 1Y (y, y
′) ≡

∑
x∈f−1(y)
I ⊗ I
rI−→ I, if y = y′
0
!
−→ 0, if y 6= y′
η˙x,x′ : 1X(x, x
′)→ (f ∗ ◦ f∗)(x
′, x) ≡

I
(rI)
−1
−−−→ I ⊗ I, if x′ = x
0
!
−→
{
I ⊗ I, fx = fx′
0, else
if x′ 6= x
Notice that η˙ and ε˙ are isomorphisms if and only if f is a bijection.
For explicit calculations in the context of V-matrices, it will be useful to
compute that for any F : X → Y, S : Y ✤ // Z and T : Z ✤ // Y,
(S ◦ f∗)(x, z) =
∑
y∈Y
f∗(x, y)⊗ S(y, z) = I ⊗ S(fx, z)
r
∼= S(fx, z) (45)
(f ∗ ◦ T )(z, x) =
∑
y∈Y
T (z, y)⊗ f ∗(y, x) = T (z, fx)⊗ I
l
∼= T (z, fx)
are the families in V that define the composite matrices S ◦ f∗ and f
∗ ◦ T .
Using such machinery, we re-obtain the following results for composites of
companions and conjoints, Item 3.
Lemma 4.5. Let f : X → Y and g : Y → Z be functions. There exist
isomorphisms
ζg,f : g∗ ◦ f∗ ∼= (gf)∗ : X
✤
// Z
ξg,f : f ∗ ◦ g∗ ∼= (gf)∗ : Z
✤
// X
which are families of invertible arrows
ζg,fx,z = ξ
g,f
z,x :
{
I ⊗ I
rI=lI−−−→ I, if g(f(x)) = z
0
!
−→ 0, otherwise
(46)
Under the assumptions of Proposition 4.1, V-Mat is a fibrant monoidal
double category therefore Theorem 3.8 applies.
Proposition 4.6. If V is a braided monoidal category with coproducts such
that ⊗ preserves them in both enries, the bicategory V-Mat is a monoidal
bicategory; if V is symmetric then so is V-Mat.
The monoidal unit is the unit V-matrix I and the induced tensor product
pseudofunctor ⊗ : V-Mat × V-Mat → V-Mat maps two sets X, Y to their
cartesian product X × Y , and the functor
⊗(X,Y ),(Z,W ) : V-Mat(X,Z)× V-Mat(Y,W )→ V-Mat(X × Y, Z ×W ),
is defined as in (38) for globular 2-morphisms.
When V is moreover monoidal closed with products, its locally closed monoidal
structure H = (H0, H1) (40) induces a lax functor of bicategories
Hom : (V-Mat)co × V-Mat −→ V-Mat
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where V-Matco is the bicategory of V-matrices with reversed 2-cells, since
H(Dop) = (H(D))co. On objects is given by exponentiation, and the functor
on hom-categories, for all (X, Y ), (Z,W ), is
Hom(X,Y ),(Z,W ) : V-Mat(X,Z)
op × V-Mat(Y,W )→ V-Mat(Y X ,WZ) (47)
is given by Hom(S, T ) = H1(S, T ) as in (42) on objects and Hom(σ, τ) =
H1(σ, τ) as in (43) on globular 2-morphisms, i.e. 2-cells.
The hom-categories of the bicategory V-Mat are the functor categories V-
Mat(X, Y ) = VX×Y . The endo-hom-categories for a fixed set X will play an
important role; the following proposition exhibits some useful properties.
Proposition 4.7. Let V be a monoidal category with all colimits such that
⊗ preserves them on both entries. For any 0-cell X, the hom-category V-
Mat(X,X) = [X ×X,V] is
(i) cocomplete and has all limits that exist in V;
(ii) a monoidal category, and ⊗ = ◦ preserves any colimit on both entries;
(iii) locally presentable when V is;
(iv) monoidal closed when V is monoidal closed with products.
Proof.
(i) They are formed pointwise from those in V.
(ii) (V-Mat(X,X), ◦, 1X) is monoidal for any bicategory, Remark 2.8.
If (Gj → G | j ∈ J ) is a colimiting cocone of shape J in V-Mat(X,X), for
any x, y ∈ X the arrows Gj(x, y) → G(x, y) form colimiting cocones in V. If
we apply S ◦ −, we obtain a collection of 2-cells (S ◦ Gj → S ◦ G | j ∈ J ) in
V-Mat. For this to be a colimit, for any x, z ∈ X the arrows∑
y∈X
Gj(x, y)⊗ S(y, z) −→
∑
y∈X
colimjGj(x, y)⊗ S(y, z)
must be colimiting in V, which is the case since (−⊗ A) preserves colimits:∑
y∈X
(colimjGj(x, y))⊗ S(y, z) ∼=
∑
y∈X
colimj(Gj(x, y)⊗ S(y, z))
∼= colimj(
∑
y∈X
Gj(x, y)⊗ S(y, z)).
(iii) This follows from [AR94, 1.54]: any functor category [A,V] over a
presentable category V is also presentable.
(iv) This is obtained by a restriction of (42) on globular 2-morphisms. It is
not hard to establish a bijective correspondence
S ◦ T // R in V-Mat(X,X)
S // F (T,R) in V-Mat(X,X)
for G(T,R)(x, y) :=
∏
z∈X [T (y, z), R(x, z)]. 
Remark 4.8. The endo-hom-categories of V-Mat have in fact a duoidal struc-
ture, since they are equipped with a second, pointwise monoidal product
(S • T )(x, y) := S(x, y)⊗ T (x, y), J(x, y) = I,
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This point of view is discussed in [BCV16, §7], without mentioning V-matrices.
This fact is crucial for expressing the so-called semi-Hopf categories (categories
enriched in comonoids) as bimonoids in (V-Mat(X,X), ◦, •, 1X, J), and sub-
sequently Hopf categories as Hopf monoids in that duoidal category. This
approach is relevant to work in progress [Vas17] regarding the expression of
Hopf categories as Hopf monads in a double categorical context. Work in
similar direction, establishing an abstract context for various Hopf-structure
generalized notions, can be found in [BL16, B16]; in fact, the above duoidal
structure can be seen as a consequence of all sets being opmap monoidales in
the monoidal bicategory V-Mat.
Due to the first three part of the above proposition, we obtain the following
corollary to Proposition 2.12.
Corollary 4.9. If V is a locally presentable monoidal category where ⊗ pre-
serves colimits in both entries, the forgetful functors
S :Mon(V-Mat(X,X))→ V-Mat(X,X)
U : Comon(V-Mat(X,X))→ V-Mat(X,X)
are monadic and comonadic respectively, and all categories are locally pre-
sentable.
Notice that (V-Mat(X,X), ◦, 1X) is non-braided monoidal, therefore the
categories of monoids and comonoids cannot inherit a monoidal structure.
4.2. V-graphs and V-categories. In this section, we will describe V-graphs
and V-categories within the context of V-matrices. This allows us, by dualizing
certain arguments, to later construct the category of V-cocategories in a nat-
ural way. This is motivated by realizing enriched categories and cocategories
as ‘many-object’ generalizations of monoids and comonoids in a monoidal cat-
egory: a one-object V-category is an object in Mon(V). For enriched graphs
or categories, usually there are no required assumptions on the monoidal base
V as it is clear from their definition. In this matrices context though, we ask
that V has coproducts preserved by the tensor product.
A (small) V-graph G consists of a set of objects obG, and for every pair of
objects x, y ∈ obG an object G(x, y) ∈ V. If G and H are V-graphs, a V-
graph morphism F : G → H consists of a function f : obG → obH between
their sets of objects, together with arrows Fx,y : G(x, y) → H(fx, fy) in V,
for each pair of objects x, y in G. These data, with appropriate compositions
and identities, form a category V-Grph. There is an evident forgetful functor
Q : V-Grph → Set which maps a graph to its set of objects and a graph
morphism to its underlying function.
If V-Mat is the double category of V-matrices, it follows that the category of
graphs is precisely that of its endomorphisms as described in Section 3.2, i.e.
V-Mat•1 = V-Grph. Indeed, objects are endo-V-matrices G : X
✤
// X given
by families of objects {G(x, x′)}X in V, and morphisms between them are
αf : GX → HY as in (22), given by arrows αx,x′ : G(x, x
′) → H(fx, fx′) in V
by (34).
Remark 4.10. This viewpoint is very similar to that of [FGK11, Remark 2.5],
where it is observed that the category GrphE of graphs and graph morphisms
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internal to a finitely complete E is identified with the category of endomor-
phisms and vertical endomorphism maps in the double category SpanE , i.e. in
our notation Span•E = GrphE .
In fact, V-graph morphisms can equivalently be seen as functions f : X → Y
between the sets of objects, equipped with a 2-cell
X
✤G
''
✤
f∗◦H◦f∗
77
✤✤ ✤✤
 φ X
in V-Mat, where f∗ and f
∗ are as in (37). This is clear by the following
corollary to Proposition 3.15, since V-Mat is a fibrant double category.
Proposition 4.11. The category V-Grph is a bifibration over Set.
The pseudofunctors giving rise to the fibred and opfibred structure are pre-
cisely given by (24) in this case,
M : Setop // Cat,
X ✤ //
f

V-Mat(X,X)
Y ✤ // V-Mat(Y, Y )
f∗◦-◦f∗
OO
F : Set // Cat
X ✤ //
f

V-Mat(X,X)
f∗◦-◦f∗

Y ✤ // V-Mat(Y, Y )
(48)
and the Grothendieck categories give the following isomorphic characterization
of the category of V-graphs.
Lemma 4.12. The category V-Grph has objects (G,X) ∈ V-Mat(X,X) ×
Set and arrows (φ, f) : (G,X)→ (H, Y ) or equivalently (ψ, f) given by{
φ : G→ f ∗Hf∗ in V-Mat(X,X)
f : X → Y in Set
or
{
ψ : f∗Gf
∗ → H in V-Mat(Y, Y )
f : X → Y in Set.
To see how this works, using (45) we can explicitly compute the composite
(f ∗Hf∗)x,x′ = I ⊗ (Hf∗)x,fx′ = I ⊗Hfx,fx′ ⊗ I (49)
hence φ has components φx,x′ : Gx,x′ → I ⊗Hfx,fx′ ⊗ I ∼= Hfx,fx′. Similarly,
(f∗Gf
∗)y,y′ =
∑
fx=y,fx′=y′
I ⊗Gx,x′ ⊗ I ∼=
∑
fx=y,fx′=y′
Gx,x′ (50)
so ψy,y′ :
∑
fx=y
fx′=y′
I ⊗Gx,x′ ⊗ I → Hy,y′ which, for fixed x ∈ f
−1(y) and x′ ∈
f−1(y′) corresponds uniquely to φx,x′.
Notice that the above lemma is completely in terms of the bicategory V-
Mat; moving between this and the double V-Mat•1 perspective will be efficient
in the proofs that follow.
When V is braided, V-Mat is monoidal double by Proposition 4.1 thus its
category of endomorphisms is also monoidal by Proposition 3.14: the tensor
product is given like in (39) for endo-1-cells and the monoidal unit is the unit
V-matrix I : {∗} ✤ // {∗} . Braiding or symmetry is also inherited from V.
Recall from Corollary 4.4 that when V is furthermore closed with prod-
ucts, the double category of V-matrices is locally closed monoidal. Hence by
Proposition 3.21, we deduce that V-Mat•1 = V-Grph is also monoidal closed.
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Proposition 4.13. Suppose V is a braided monoidal closed category with prod-
ucts and coproducts. The restriction of (41) on the endomorphism category
H•1 : V-Grph
op × V-Grph→ V-Grph
mapping (GX , HY ) to the graph H
•
1 (G,H)YX given by H
•
1 (G,H)(s, k) :=∏
x,x′[G(x, x
′), H(sx, kx′)] for s, k ∈ Y X is the internal hom of V-Grph.
Following [KL01, Wol74] or the more general case of bicategory enrichment
[BCSW83], we gather some of the main categorical properties of V-Grph.
Proposition 4.14.
(1) V-Grph is complete when V is;
(2) V-Grph is cocomplete when V is;
(3) [KL01, 4.4] V-Grph is locally presentable when V is.
Proof. (1) The constructions of limits of enriched graphs are built up from
limits in Set and V in a straightforward way.
(2) Suppose F is a diagram of shape J in V-Grph
F : J // V-Grph
j //
θ

(Gj, Xj)
(ψθ ,fθ)
k // (Gk, Xk).
(51)
By Lemma 4.12, fθ is a function between the sets and (fθ)∗Gj(fθ)
∗ ψθ⇒ Gk is a
2-cell in V-Mat. The composite J → V-Grph→ Set has a colimiting cocone
(τj : Xj → X | j ∈ J ) in Set; since τj = fθτk for any fθ : Xj → Xk, we have
isomorphisms of V-matrices
Xj
✤(τj )∗
ζ
∼=
//
✂
❇❇
❇❇
(fθ)∗   ❇
❇❇
❇
X,
Xk
❂
⑥⑥⑥⑥ (τk)∗
>>⑥⑥⑥⑥
X ✤
(τj )∗
ξ
∼=
//
 
❅❅
❅❅
(τk)
∗
  ❅
❅❅
❅
Xj
Xk
❁
⑤⑤⑤⑤ (fθ)∗
>>⑤⑤⑤⑤
where ζ and ξ are defined as in (46). Now consider the functor
K : J // V-Mat(X,X)
j ✤ //
θ

(τj)∗Gj(τj)
∗∼=(τk)∗(fθ)∗Gj(fθ)
∗(τk)
∗
(τk)∗ψθ(τk)
∗

k // (τk)∗Gk(τk)
∗
(52)
which explicitly maps an arrow θ : j → k in J to the composite 2-cell
X
✡
(τk)
∗ //
ξ
∼=
✤(τj)
∗
// Xj
✤Gj // Xj
❴ (fθ)∗

✤(τj )∗ // X.
ζ
∼=
Xk
❴(fθ)∗
OO
✤
Gk
//
✤✤ ✤✤
 ψθ
Xk
✸
(τk)∗
HH (53)
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The colimit of K is formed pointwise in [X × X,V], so there is a colimiting
cocone (λj : (τj)∗Gj(τj)
∗ → G | j ∈ J ). These data allow us to form a new
cocone (
(Gj , Xj)
(λj ,τj)
−−−−→ (G,X) | j ∈ J
)
for the initial diagram F in V-Grph, since the pairs (λj, τj) commute accord-
ingly with the (ψθ, fθ)’s; this cocone can be checked to be colimiting, since τj
and λj are.
(3) Briefly, if V is a locally λ-presentable category and the set G of objects
constitutes a strong generator of V, it can be shown that the set
{(G¯, 2) / G ∈ G or G = 0}
constitutes a strong generator of V-Grph, where the graph (G¯, 2) has as set of
objects 2 = {0, 1} and is given by {G¯(0, 0) = G, G¯(0, 1) = G¯(1, 0) = G¯(1, 1) =
0} in V. Also, this set is λ-presentable in that the functors V-Grph((G¯, 2),−) :
V-Grph→ Set preserve λ-filtered colimits. 
Passing on to V-Cat, again following the more general [BCSW83], a V-
category is defined to be a monad in the bicategory V-Mat. Unravelling
Definition 2.4, it consists of a set X together with an endoarrow A : X ✤ // X
(i.e. a V-graph AX) equipped with two 2-cells, the multiplication and the unit
X
✏P
PPP A
''PPP
P
X
✳♥♥♥♥
A 77♥♥♥♥
✤
A
22
✤✤ ✤✤
 M X and X
✤✤ ✤✤
 η
✤1X
''
✤
A
77 X
satisfying the following axioms:
X ✤
A // X
✠
A

X
✺A
44
✯
A
==
✤
A
66
✯✯ ✯✯
M ✯✯ ✯✯
M
X =
✓✓✓✓ M
X ✤
A //
✓
A //
✓✓✓✓ M
X
✠
A

X
✺A
55
✤
A
66 X,
X
✎
A
!!
X
✭✭ ✭✭
M
✶✶✶✶

η
✵1X 00
✶
A
EE
✤
A
44 X = X
✤✤ ✤✤
 1A
✤A
&&
✤
A
88 X =
✕✕✕✕ M
X ☞
1X
✡
A ..
☛☛☛☛	 η
X
✸A
33
✤
A
55 X.
In terms of components, they are given by
Mx,z :
∑
y∈X
A(x, y)⊗ A(y, z)→ A(x, z) and ηx : I → A(x, x)
which are the usual composition law and identity elements. The relations
that M and η have to satisfy give the usual associativity and unit axioms.
By Remark 2.8, a monad in a bicategory is the same as a monoid in the
appropriate endoarrow hom-category, i.e. a V-category A with set of objects
X is a monoid in the monoidal category (V-Mat(X,X),◦,1X).
A V-functor F : A → B between two V-categories AX and BY is as usual
defined as a morphism of graphs αf : AX → BY which respects the composition
law and the identities. Naturally, one could ask whether this corresponds to
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the notion of a monad morphism; as will be clear by what follows, this is not
the case, see Remark 4.18.
In fact, the category V-Cat is fully encompassed as the category of monads
Mnd(V-Mat) of Definition 3.9 for the double category of V-matrices. Indeed,
objects are monads A : X ✤ // X in its horizontal bicategory, and morphisms
are arrows between the underlying graphs that respect the structure: writing
down what diagrams (23) give in components for D = V-Mat, we end up to
the usual axioms
A(x, y)⊗A(y, z)
MAx,y,z //
αx,y⊗αy,z

A(x, z)
αx,z

B(fx, fy)⊗B(fy, fz)
MB
fx,fy,fz
// B(fx, fz),
I
ηx //
ηfx
##❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋ A(x, x)
αxx

B(fx, fx)
(54)
Due to the fibrant structure of V-Mat, we obtain the following as a corollary
to Proposition 3.17.
Proposition 4.15. The category V-Cat is a fibration over Set.
The pseudofunctor that gives rise to this fibration is M from (48), restricted
between the categories of monoids of the endo-hom-categories. For this to be
well-defined, we note the following corollary to Lemma 3.16 for D = V-Mat.
Corollary 4.16. Let BY be a V-category. For any function f : X → Y ,
X ✤
f∗
// Y ✤
B
// Y ✤
f∗
// X
is a monoid in V-Mat(X,X), i.e. (f ∗Bf∗)X is a V-category.
The new composition and unit are given by (29) in this case, i.e. M ′ =
f ∗ (M · (Bε˙B)) f∗ and η
′ = (f ∗ηf∗) · η˙ using pasting operations, where η˙, ε˙ are
the unit and counit of f∗ ⊣ f
∗ as in (44).
Once again, the Grothendieck construction that gives rise to the above fi-
bration provide the following isomorphic characterization of the category of
enriched categories and functors; compare with Lemma 4.12.
Lemma 4.17. The objects of V-Cat are (A,X) ∈Mon(V-Mat(X,X))×Set
and morphisms are (φ, f) : (A,X)→ (B, Y ) where
{
φ : A→ f ∗Bf∗ in Mon(V-Mat(X,X))
f : X → Y in Set.
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Using the mates correspondence for the appropriate 2-cells as in (21) so that
φ corresponds to φ¯ : f∗A⇒ Bf∗, we can the V-functors axioms in the form
X ✤
A //
❴f∗

  | φ¯
X ✤
A //
❴f∗

  | φ¯
X
❴f∗

Y ✤
B
//
✤
B
??✤✤ ✤✤
 M
Y ✤
B
// Y
=
X
✠
A

X
❴f∗

✹A
55
✤
A
//
✤✤ ✤✤
 M
✔✔✔✔ φ¯
X
❴f∗

Y ✤
B
// Y,
X
✤1X
""
✤✤ ✤✤
 η✤
A
//
❴f∗

X
❴f∗

Y ✤
B
//
✤✤ ✤✤
 φ¯
Y
= X ✤
1X //
❴f∗ ∼=

✎
f∗
''
X
❴f∗∼=

Y ✤
1Y //
✤
B
==✤✤ ✤✤
 η
Y.
The mate’s components are φ¯x,y : I ⊗A(x, x
′)→ B(fx, fx′)⊗ I for x′ ∈ f -1y,
and these diagrams in components agree with (54) up to tensoring with I’s
and composing with the left and right unit constraints of V.
Remark 4.18. Notice that (f∗, φ¯) constitutes a colax monad functor (Defini-
tion 2.6) between the monads AX and BY in the bicategory V-Mat. Evidently,
however, it is not true that any colax monad functor given by the data
X ✤
A //
❴S

✤✤ ✤✤
 χ
X
❴S

Y ✤
B
// Y
is a V-functor, since not every S : X ✤ // Y is of the form f∗ for some function
f : X → Y . This explains why the category V-Cat cannot be characterized as
Mnd(V-Mat) for the bicategory, even if they have the same objects. Similar
issues were discussed in a bigger depth in [GS13].
This provides a distinct advantage when cosidering categories of monads
in double categories rather than in the horizontal bicategory; the notion of a
V-functor properly matches the motion of a double monad map in V-Mat.
As it is well-known, but also deduced from Proposition 3.14, when V is a
braided monoidal category, V-Cat is monoidal via the pointwise tensor product
(39) like graphs. We now move on to further properties of this category.
Similarly to the free monoid construction on an object in a monoidal V,
there is an endofunctor on V-Grph inducing the ‘free V-category’ monad; for
the proof below, see also [BCSW83, KL01]. We spell it out in detail in our
context, in order to later dualize for V-cocategories.
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Proposition 4.19. Let V be a monoidal category with coproducts, such that ⊗
preserves them on both sides. The forgetful functor S˜ : V-Cat→ V-Grph has
a left adjoint L˜, which maps a V-graph G : X ✤ // X to the geometric series∑
n∈N
G⊗n : X ✤ // X.
Proof. Recall that by Proposition 4.7, V-Mat(X,X) admits the same class of
colimits as V, and also ⊗ = ◦ preserves them. Hence, the forgetful S from its
category of monoids has a left adjoint as in Proposition 2.10
L : V-Mat(X,X) //Mon(V-Mat(X,X))
G ✤ //
∑
n∈NG
n
which by Lemma 4.17 means that this geometric series is a V-category with
set of objects X . The claim is that the induced functor
L˜ : V-Grph // V-Cat
(G,X) ✤ // (
∑
nG
n, X)
(55)
is a left adjoint of S˜, i.e. for any V-category BY and φf : GX → S˜(BY ) a
V-graph morphism, there exists a unique V-functor H : (
∑
nG
n)X → BY such
that
(G,X)
η˜ //
F &&▲▲
▲▲▲
▲▲▲
S˜(
∑
n∈N
Gn, X)
S˜H
ww
S˜(B, Y )
(56)
commutes, for η˜ : (G,X)→ S˜L˜(G,X) the identity-on-objects inclusion of the
summand G into the series.
By Lemma 4.12, a V-graph functor F is a pair (φ, f) with φ : G→ f ∗Bf∗ an
arrow in V-Mat(X,X), and furthermore Corollary 4.16 ensures that f ∗Bf∗ ob-
tains a monoid structure. Since L(G) is the free monoid on G ∈ V-Mat(X,X),
φ extends uniquely to a monoid morphism χ : LG→ f ∗Bf∗ such that
G
η //
φ %%❏❏
❏❏❏
❏❏❏
∑
n∈N
Gn
Sχww
f ∗Bf∗
commutes in V-Mat(X,X), where η and S are respectively the unit and for-
getful functor of the ‘free monoid’ adjunction L ⊣ S. By Lemma 4.17, this
2-cell χ :
∑
nG
n ⇒ f ∗Bf∗ in V-Mat determines a V-functor H = (χ, f) :
(LG,X) → (B, Y ) satisfying the universal property (56). These data suf-
fice to define an adjoint functor L˜ (55), thus the ‘free V-category’ adjunction
L˜ ⊣ S˜ : V-Cat→ V-Grph is established. 
Also, as proved in detail in [Wol74] and later generalized in [BCSW83],
V-Cat has and the forgetful functor S˜ reflects split coequalizers when V is
cocomplete. By Beck’s monadicity theorem, since S˜ also reflects isomorphisms,
we have the following well-known result.
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Proposition 4.20. If V is a cocomplete monoidal category such that ⊗ pre-
serves colimits on both variables, S˜ : V-Cat→ V-Grph is monadic.
Since V-Grph is complete when V is, we obtain the following corollary.
Corollary 4.21. The category V-Cat is complete when V is.
Moreover, by Proposition 4.14 V-Grph admits all colimits if V does; since
any category of Eilenberg-Moore algebras has colimits if it has coequalizers of
reflexive pairs and its base has colimits by a standard result in [Lin69], the
following is also true.
Corollary 4.22. The category V-Cat is cocomplete when V is.
Finally, as shown in [KL01] the monad S˜L˜ is finitary. Thus by [GU71, Satz
10.3] which states that the category of algebras for a finitary monad over a
locally presentable category retains that structure, we obtain the following.
Theorem. [KL01, 4.5] If V is a monoidal closed category whose underlying
ordinary category is locally λ-presentable, then V-Cat is also λ-presentable.
4.3. V-cocategories. We now proceed to the dualization of the concept of a
V-category in the context of V-matrices, following Definition 2.7. Henceforth
V is again a monoidal category with coproducts, such that the tensor product
⊗ preserves them on both entries.
Definition 4.23. A V-cocategory C is a comonad in the bicategory V-Mat.
It consists of a set X with an endoarrow C : X ✤ // X (i.e. a V-graph CX)
equipped with two 2-cells, the comultiplication and the counit
X
✏P
PPP
C ''P
PPP
✤C
&&✤✤ ✤✤
 ∆ X
X
✳♥♥♥♥ C
77♥♥♥♥
and X
✤✤ ✤✤
 ǫ
✤C
''
✤
1X
77 X
satisfying the following axioms:
X
✞
C **
✔
C

✤C
&&
✔✔✔✔ ∆
✔✔✔✔ ∆
X
X ✤
C
// X
✻
C
CC = X
✞
C ))
✤C
&&
X✰✰ ✰✰
∆
X ✤
C
//
✯C ,,
✯✯ ✯✯
∆
X,
✼
C
CC (57)
X ✖✖✖✖ ∆✌✌✌✌
 ǫ
✌
1X ..
✍
C

✤C
%%
X
X
✵
C
?? = X
✤✤ ✤✤
 1C✤
C
88
✤C
&&
X = X
✌
C ++
✤C
%%
X✭✭ ✭✭
∆
X.
✶
1X
DD
✵C ,,
✵✵✵✵

ǫ
In terms of components, the cocomposition of a V-cocategory C is given by
∆x,z : C(x, z)→
∑
y∈X
C(x, y)⊗ C(y, z)
for any two objects x, y ∈ X , and the coidentity elements are given by
ǫx,y : C(x, y)→ 1X(x, y) ≡
{
C(x, x)
ǫx,x
−−→ I, if x = y
C(x, y)
ǫx,y
−−→ 0, if x 6= y
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for all objects x ∈ X . The coassociativity and counity axioms are
Cx,w
∆
tt✐✐✐✐✐
✐✐✐✐
✐✐✐✐ ∆
**❱❱❱❱
❱❱❱❱
❱❱❱❱
❱∑
z
Cx,z ⊗ Cz,w
∑
z
∆⊗1

∑
y
Cx,y ⊗ Cy,w
∑
y
1⊗∆
∑
z
(
∑
y
Cx,y ⊗ Cy,z)⊗ Cz,w α
∼ //
∑
y
Cx,y ⊗ (
∑
z
Cy,z ⊗ Cy,w)
∑
z
Cx,z ⊗ Cz,y
∑
z
ǫ⊗1

Cx,y
ρ-1
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
λ-1
vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠
∆oo ∆ //
∑
z
Cx,z ⊗ Cz,y
∑
z
1⊗ǫ

I ⊗ Cx,y Cx,y ⊗ I
where α is the associator and λ, ρ are the unitors of V-Mat.
As for any comonad in a bicategory, a V-cocategory C with obC = X is the
same as a comonoid in the monoidal category (V-Mat(X,X), ◦, 1X). Thus a
one-object V-cocategory is the same as a comonoid in V.
A V-cofunctor between two V-cocategories CX , DY should be a V-graph
morphism Ff : CX → DY that respects cocomposition and coidentities. As a
result, we obtain the following definition.
Definition 4.24. A V-cofunctor Ff : CX → DY between two V-cocategories
consists of a function f : X → Y between their sets of objects and arrows Fx,z :
C(x, z)→ D(fx, fz) in V for any x, z ∈ obC, satisfying the commutativity of
C(x, z)
∆x,z //
Fx,z

∑
y
C(x, y)⊗ C(y, z)
∑
y
Fx,y⊗Fy,z
∑
fy
D(fx, fy)⊗D(fy, fz)


D(fx, fz)
∆fx,fz
//
∑
w
D(fx, w)⊗D(w, fz)
C(x, x)
ǫx,x
""❊
❊❊
❊❊
❊❊
❊❊
❊❊
Fx,x

I
D(fx, fx)
ǫfx,fx
<<②②②②②②②②②②②
(58)
Along with compositions and identities of cofunctors that follow those of
graphs, we obtain a category V-Cocat. As was the case for V-Cat, this cate-
gory is fully encapsulated as the category of comonads in the double category
of V-matrices, i.e. Comon(V-Mat) = V-Cocat as in Definition 3.10. Indeed,
an object is just a comonad in the horizontal bicategory, and the comonad
morphism axioms in components give (58).
Remark 4.25. At [DS97, §9], a V-opcategory A is defined, as a category enriched
in Vop. In particular, the cocomposition and counit arrows are simply
∆: A(x, z)→ A(y, z)⊗A(x, y), ε : A(x, x)→ I.
Also, a V-opfunctor F : A → B is a Vop-functor, mapping x 7→ Fx and with
arrows B(Fx, Fy)→ A(x, y) in V satisfying respective axioms. The category
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V-opCat is in a sense broader than V-Cocat(op), since for example for V =
ModR any cocategory is a special case of an opcategory: due to
A(x, y)
∆x,y //
∆x,z,y ((❘
❘❘
❘❘
❘❘
❘
∑
z∈X
A(x, z)⊗A(z, y) // //
∏
z∈X
A(x, z)⊗A(z, y)
πztt✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐
A(x, z)⊗A(z, y)
aModR-cocategory is aModR-opcategory for which the cocomposition ∆x,z,y
vanishes for all but finitely many objects z. However, for the current devel-
opment it is crucial that a V-cocategory can be expressed as a comonoid in
the monoidal endo-hom-categories of V-Mat. A V-opcategory on the other
hand does not seem to be expressed as a comonoid, since for example the
tensor product of such a monoidal category would have to commute with the
products rather than the sums.
Moreover, the cocategories point of view seems to be useful in other settings
too; in a series of papers related to A∞-categories, see [Lyu03, Kel06, KM07],
the authors study and employ cocategories and cocategory homorphisms which
are precisely our ModR-enriched case, in order to express A∞-functor cate-
gories as internal hom-objects, building models of a closed structure of the
homotopy category of differential graded categories.
Due to the fibrant structure of V-Mat, we again the following as a corollary
to Proposition 3.17.
Proposition 4.26. The category V-Cocat is an opfibration over Set.
The pseudofunctor giving rise to this opfibration is F from (48), now re-
stricted to the categories of comonoids of the endo-hom-categories. Again for
this to be well-defined, dually to Corollary 4.16 we have the following conse-
quence of f∗ ◦ - ◦ f
∗ being colax monoidal, Lemma 3.16.
Lemma 4.27. Let CX be a V-cocategory. If f : X → Y is a function, then
Y ✤
f∗
// X ✤
C
// X ✤
f∗
// Y
is a comonoid in V-Mat(Y, Y ), i.e. (f∗Cf
∗)Y is a V-cocategory.
The new comultiplication and counit come from (30); using pasting opera-
tions, we can express them as ∆′ = f∗ ((Cη˙C) ·∆) f
∗, ǫ′ = ε˙ · (f∗ǫf
∗).
Once more, the Grothendieck category gives an isomorphic characteriza-
tion of the category of V-cocategories and cofunctors, completely in terms of
V-Mat.
Lemma 4.28. Objects in V-Cocat are (C,X) ∈ Comon(V-Mat(X,X)) ×
Set and morphisms are (ψ, f) : (C,X)→ (D, Y ) where{
ψ : f∗Cf
∗ → D in Comon(V-Mat(Y, Y ))
f : X → Y in Set.
Comparing with the two equivalent formulations for V-graph morphisms
of Lemma 4.12, notice that V-functors are expressed as pairs (φ, f) and V-
cofunctors are expressed as pairs (ψ, f), where the 2-cells φ : G⇒ f ∗Hf∗ and
ψ : f∗Gf
∗ ⇒ H are mates under f∗ ⊣ f
∗.
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Writing explicitly what it means for ψ to be a comonoid morphism, which
is clearer in terms of its mate φˆ : f∗C ⇒ Df∗, we obtain
X ✤
C //
❴f∗

✤✤ ✤✤
 ∆
  | φˆ
✤C

X ✤
C //
❴f∗

  | φˆ
X
❴f∗

Y ✤
D
// Y ✤
D
// Y
=
X
❴f∗

✤C //
✔✔✔✔ φˆ
X
❴f∗

Y
✤✤ ✤✤
 ∆✠
D ))
✤
D
// Y
Y
✻
D
BB
(59)
X
✤✤ ✤✤
 ǫ
✤C
  
✤
1X
//
❴f∗ ∼=

✎
f∗
''
X
❴f∗∼=

Y ✤
1Y
// Y
= X ✤
C //
❴f∗

X
❴f∗

Y
✤
1Y
??✤✤ ✤✤
 ǫ
✤D //
✤✤ ✤✤
 φˆ
Y
The components of φˆ are given by
∑
x′∈f -1y I ⊗C(x, x
′)→ D(fx, fx′)⊗ I and
the above relations componentwise give (58) up to isomorphism. Dually to
Remark 4.18, cofunctors correspond to specific types of lax comonad functors in
V-Mat; viewing them as comonad homomorphisms in V-Mat is conceptually
simpler and less technical, but both expressions will be of use.
When V is braided monoidal, by Proposition 3.14 V-Cocat obtains a mo-
noidal structure, as for V-graphs and categories: for two V-cocategories CX
and DY , (C ⊗D)X×Y is given by (C ⊗D) ((x, y), (z, w)) = C(x, z) ⊗D(y, w)
in V. Writing down in components what the dual of Proposition 3.12 gives for
the pseudo double functor ⊗ on V-Mat, we deduce that the cocomposition is
C(x, z)⊗D(y, w) //❴❴❴❴❴❴
∆Cx,z⊗∆
D
y,w
))
∑
(x′,y′)
C(x, x′)⊗D(y, y′)⊗ C(x′, z)⊗D(y′, w)
∑
(x′,y′)
C(x, x′)⊗ C(x′, z)⊗D(y, y′)⊗D(y′, w)
s ∼=
OO
∑
x′
C(x, x′)⊗ C(x′, z)⊗
∑
y′
D(y, y′)⊗D(y′, w)
∼=
OO
and the coidentity element is C(x, x) ⊗ D(y, y)
ǫCx,x⊗ǫ
D
y,y
−−−−−−→ I ⊗ I ∼= I. The
monoidal V-Cocat also inherits the braiding or symmetry from V.
Dually to Proposition 4.19, we now construct the cofree V-cocategory func-
tor using the cofree comonoid construction. As discussed in Section 2.2, the
existence of the cofree comonoid usually requires more assumptions on V than
the free monoid, and the following construction is no exception.
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Proposition 4.29. Suppose V is a locally presentable monoidal category, such
that ⊗ preserves colimits in both variables. Then, the evident forgetful functor
U˜ : V-Cocat −→ V-Grph
has a right adjoint R˜, which maps a V-graph GY to the cofree comonoid
(RG, Y ) on G ∈ V-Mat(Y, Y ).
Proof. The forgetful U˜ maps any V-cocategory CX to its underlying V-graph
(UC)X , where U is the forgetful from the category of comonoids of the monoidal
(V-Mat(Y, Y ), ◦, 1Y ). By Corollary 4.9, U has a right adjoint
R : V-Mat(Y, Y ) −→ Comon(V-Mat(Y, Y )),
the cofree comonoid functor. By Lemma 4.28, (RG)Y for any G : Y
✤
// Y is a
V-cocategory; we claim that
R˜ : V-Grph // V-Cocat
GY
✤ // (RG)Y
is a right adjoint of U˜ . It suffices to show that for ε the counit of U ⊣ R, the
V-graph arrow ε˜ = (ε, idY ) : U˜ R˜(GY ) → GY is universal. This means that
for any V-cocategory CX and any V-graph morphism F from its underlying
U˜(CX) to GY , there exists a unique V-cofunctor H : CX → (RG)Y such that
U˜(RGY )
ε˜ // GY
U˜(CX)
U˜H
dd
F
<<②②②②②②②②②
(60)
commutes. Indeed, suppose F is (ψ, f) with f : X → Y and ψ : f∗Cf
∗ → G
in V-Mat(Y, Y ). Since f∗Cf
∗ is in Comon(V-Mat(Y, Y )) due to Lemma 4.27
and RG is the cofree comonoid on G, ψ extends uniquely to a comonoid arrow
χ : f∗Cf
∗ → RG such that
RG
ε // G
f∗Cf
∗
ψ
<<②②②②②②②②②Uχ
cc
commutes in V-Mat(Y, Y ). By Lemma 4.28, this χ along with the function
f : X → Y determines a V-cofunctor H : (C,X) → (RG, Y ) which makes
(60) commute. Therefore R˜ extends to a functor establishing the ‘cofree V-
cocategory’ adjunction U˜ ⊣ R˜ : V-Grph→ V-Cocat. 
At this point, properties of V-Cocat cease to be straightforward dualizations
of the V-Cat ones. The results that follow more or less employ similar tech-
niques as for the one-object case, that of comonoids in a monoidal category,
generalized to this context.
The construction of colimits in V-Cocat follows from that in V-Grph of
Proposition 4.14, with an induced extra structure on the colimiting cocone.
Proposition 4.30. If V is a locally presentable monoidal category such that
⊗ preserves colimits in both terms, the category V-Cocat has all colimits.
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Proof. Consider a diagram in V-Cocat given by
D : J // V-Cocat
j ✤ //
θ

(Cj, Xj)
(ψθ ,fθ)

k ✤ // (Ck, Xk)
for a small category J . By Lemma 4.28, fθ : Xj → Xk is a function and ψθ is
an arrow (fθ)∗Cj(fθ)
∗ → Ck in Comon(V-Mat(Xk, Xk)). First constructing
the colimit of the underlying V-graphs, we obtain a colimiting cocone(
(Cj, Xj)
(λj ,τj )
−−−−→ (C,X) | j ∈ J
)
(61)
in V-Grph, where (τj : Xj → X | j ∈ J ) is the colimit of the sets of objects of
the V-cocategories in Set, and (λj : (τj)∗Cj(τj)
∗ → C | j ∈ J ) is the colimiting
cocone of the diagram K as in (52) in the cocomplete V-Mat(X,X). In fact,
K : J → V-Mat(X,X) lands inside Comon(V-Mat(X,X)): Lemma 4.27 en-
sures that V-matrices of the form f∗Cf
∗ for any comonoid C inherit a comonoid
structure, and the composite arrows (53) where the middle 2-cell is now the
comonoid arrow ψθ ensure that Kθ are comonoid morphisms.
By Corollary 4.9, the category of comonoids is comonadic over V-Mat(X,X)
hence the forgetful functor creates all colimits and so C : X ✤ // X obtains a
unique comonoid structure. Moreover, the legs of the cocone
Xj
✤Cj // Xj
❴ (τj)∗

X
❴(τj)∗
OO
✤
C
//
✤✤ ✤✤
 λj
X
are comonoid arrows, so together with the functions τj they form V-cofunctors.
Therefore the colimit (61) lifts in V-Cocat. 
We will now apply techniques similar to Proposition 2.12 regarding the ex-
pression of the category Comon(V) as an equifier, to obtain the following.
Proposition 4.31. Suppose that V is a locally presentable monoidal category,
such that ⊗ preserves colimits in both terms. Then, V-Cocat is a locally
presentable category.
Proof. Using Lemma 4.12, we can define an endofunctor on V-graphs by
F : V-Grph // V-Grph
(G,X) ✤ //
(ψ,f)

(G ◦G,X)× (1X , X)
F (ψ,f)

(H, Y ) ✤ // (H ◦H, Y )× (1Y , Y )
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with explicit mapping on arrows, for a 2-cell ψ : f∗Gf
∗ ⇒ H ,
X
✤✤ ✤✤
 ψ
✤G // X
❴f∗

✤1X //
✤✤ ✤✤
 η˙
X
✤✤ ✤✤
 ψ
✤G // X
❴f∗

Y
❴f∗
OO
✤
H
// Y
❈
f∗
GG
✤
H
// Y
×
X ✤
1X //
☛❑
❑❑❑
❑❑❑
❑
f∗
%%❑❑
❑❑❑
❑❑❑
✤✤ ✤✤
 ∼=
X
❴f∗

Y
❴f∗
OO
✤
1Y
//
✤✤ ✤✤
 ε˙
Y.
(62)
The category of functor coalgebras CoalgF has as objects V-graphs (C,X)
with a morphism α : C → C ◦ C × 1X , i.e. two V-graph arrows
α1 : (C,X)→ (C ◦ C,X) and α2 : (C,X)→ (1X , X).
A morphism (C, α)→ (D, β) is a V-graph morphism (ψ, f) : (C,X)→ (D, Y )
which is compatible with α and β, i.e. satisfy the equalities
X
✤C
&&
✤✤ ✤✤
 ψ
✤C //
✤✤ ✤✤
 α1
X
✤✤ ✤✤
 η˙❴f∗

✤1X // X
✤✤ ✤✤
 ψ
✤C // X
❴f∗

Y
❴f∗
OO
✤
D
// Y
❉
f∗
HH
✤
D
// Y
=
X ✤
C //
✤✤ ✤✤
 ψ
X
❴f∗

Y
❴f∗
OO
✤✤ ✤✤
 β1☛
D ++
✤D // Y
Y
✸
D
BB
X
✤✤ ✤✤
 α2
✤C
$$✤
1X
//
✏
f∗
((
X
❴f∗∼=

Y
❴f∗
OO
✤✤ ✤✤
 ε˙
✤
1Y
// Y
= X ✤
C // X
❴f∗

Y
❴f∗
OO
✤
1Y
::✤✤ ✤✤
 β2
✤D //
✤✤ ✤✤
 ψ
Y.
Clearly CoalgF contains V-Cocat as a full subcategory: the morphisms sat-
isfy the same axioms (59) for the mate of ψ, and objects are V-graphs equipped
with cocomposition and coidentities arrows that don’t necessarily satisfy coas-
sociativity and counity.
Since V-Cocat is cocomplete by Proposition 4.30, we only need to show that
it is accessible. It is enough to express it as an equifier of a family of pairs of
natural transformations between accessible functors. First of all, F preserves
all filtered colimits: take a colimiting cocone for a small filtered category J(
(Gj, Xj)
(λj ,τj)
−−−−→ (G,X) | j ∈ J
)
in V-Grph for a diagram like (51) constructed in that proof, i.e. (τj : Xj → X)
is colimiting in Set and (λj : (τj)∗Cj(τj)
∗ → C) is colimiting in V-Mat(X,X).
We require its image under F
F (λj, τj) : (Gj ◦Gj , Xj)× (1Xj , Xj)→ (G ◦G,X)× (1X , X) (63)
to be colimiting in V-Grph. For its first part (62), we can deduce that
(τj)∗ ◦Gj ◦ (τj)
∗ ◦ (τj)∗ ◦Gj ◦ (τj)
∗ λj∗λj−−−−→ G ◦G
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is a colimit in (V-Mat(X,X), ◦, 1X), as the tensor product (horizontal com-
posite) of two colimiting cocones. Pre-composing this with the unit
1 ∗ η˙ ∗ 1 : (τj)∗ ◦Gj ◦ 1Xj ◦Gj ◦ (τj)
∗ → (τj)∗ ◦Gj ◦ (τj)
∗ ◦ (τj)∗ ◦Gj ◦ (τj)
∗
still gives a colimiting cocone: if we take components in V of the respective
2-cells in V-Mat, this comes down to showing that the inclusion
τju=x
′
τjw=x∑
z∈Xj
Gj(u, z)⊗Gj(z, w) →֒
τju=x
′
τjw=x∑
τja=τjb
Gj(u, a)⊗Gj(b, w)
for any two fixed x, x′ ∈ X , where u, w, a, b ∈ Xj , does not alter the colimit.
One way of showing this is by considering the following discrete opfibrations
over the filtered shape J :
L = {(j, a, b) | j ∈ J , a, b ∈ Xj, τja = τjb}
M = {(j, z) | j ∈ J , z ∈ Xj}
where for example the arrows (j, a, b) → (j′, a′, b′) in L are determined by
arrows θ : j → j′ in J such that a′ = fθ(a) and b
′ = fθ(b) (the function
fθ : Xj → Xj′ is the image of the diagram (51) in Set). We can now define
diagrams of shape L and M in V
L : L // V
(j, a, b) ✤ // Gj(u, a)⊗Gj(b, w)
M : M // V
(j, z) ✤ // Gj(u, z)⊗Gj(z, w)
and appropriately on morphisms. The colimits for these diagrams in V, taking
into account that the fibres are discrete categories, are
colimL ∼= colim
j
∑
τja=τjb
Gj(u, a)⊗Gj(b, w)
colimM ∼= colim
j
∑
z∈Xj
Gj(u, z)⊗Gj(z, w).
Finally, notice that there exists a functor T : M→ L mapping each (j, z) to
(j, z, z) and making the triangle
M
T //
M   ❆
❆❆
❆❆
❆❆
❆ L
L⑧⑧
⑧⑧
⑧⑧
⑧⑧
V
commute. Due to the construction of filtered colimits in Set, it is not hard
to show that the slice category
(
(j, z, w) ↓ T
)
is non-empty and connected.
Hence T is a final functor and we can restrict the diagram on L toM without
changing the colimit, as claimed.
For the second part of the diagram (62), it is enough to show that
✤✤ ✤✤
 ε˙
Xj
✑◗
◗◗◗ (τj )∗
((◗◗
◗◗
X ✤
1X
44
✲♠♠♠♠
(τj)
∗ 66♠♠♠♠
Y
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is a colimiting cocone in V-Mat(X,X), for the diagram mapping each j to
X ✤
(τj )∗ // Xj
✤
1Xj // Xj
✤(τj)∗ // X.
This can be established by first verifying that ε˙ is a cocone, and then that it
has the required universal property. We have thus shown that the cocone (63)
is indeed colimiting, hence F is an accessible functor as required.
Since V-Grph is locally presentable and the endofunctor F preserves filtered
colimits, CoalgF is a locally presentable category by Lemma 2.13 and the
forgetful functor V : CoalgF → V-Grph creates all colimits. We consider the
following pairs of transformations between functors from CoalgF to V-Grph:
φ1, ψ1 : V ⇒ FFV , φ2, ψ2 : V ⇒ (− ◦ 1X)V , φ
3, ψ3 : V ⇒ V (− ◦ 1X)
with natural components
φ1(C,X) : X
✌
C ,,
✗
C

✤C
&&
✖✖✖✖ α1
✖✖✖✖ α1
X,
X ✤
C
// X
✴
C
??
ψ1(C,X) : X
✍
C
,,
✤C
&&
X✭✭ ✭✭
α1
X ✤
C
//
✬C ++
✭✭ ✭✭
α1
X
✵
C
@@
φ2(C,X) : X
✚✚ ✚✚	 α1✕✕✕✕ α2
✕
1X
11
✕
C

✤C
&&
X,
X
✮
C
99 ψ
2
(C,X) : X
✖
1X
//
✤C
((
∼= X
X
✮
C
99
φ3(C,X) : X
✕
C
..
✤C
&&
X,
✩✩ ✩✩
α1
X ✭
1X
==
✮C **
✮✮ ✮✮
α2
ψ3(C,X) : X
✖
C
//
✤C
((
∼= X.
X
✭
1X
99
The full subcategory of CoalgF spanned by those objects (C,X) which satisfy
φi(C,X) = ψ
i
(C,X) is precisely the category of V-cocategories by (57), thus
Eq((φi, ψi)i=1,2,3) = V-Cocat.
Since all categories and functors involved are accessible, V-Cocat is accessible.

The fact that V-Cocat is a locally presentable category is very useful for
the proof of existence of various adjoints, as seen below.
Proposition 4.32. Suppose V is a locally presentable monoidal category such
that ⊗ preserves colimits in both entries. The forgetful functor U˜ : V-Cocat→
V-Grph is comonadic.
Proof. By Proposition 4.29 the forgetful U˜ has a right adjoint, namely the
cofree V-cocategory functor R˜. By adjusting (6), consider the commutative
V-Cocat
U˜ ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
  ι // CoalgF
V

V-Grph
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where the top functor is the inclusion in the functor coalgebra category as
described above, and the respective forgetful functors discard the structures
maps α of the coalgebras. By Lemma 2.13 V creates equalizers of split pairs,
so it is enough to show that the inclusion ι also creates equalizers of split
pairs, since we already have U˜ ⊣ R˜. Both V-Cocat and V-Grph are locally
presentable categories so in particular complete, and it is easy to see that ι
preserves and reflects, thus creates, all limits. Hence U˜ satisfy the conditions
of Precise Monadicity Theorem and the result follows. 
Proposition 4.33. Suppose that V is a locally presentable symmetric monoidal
closed category. Then the category of V-cocategories is symmetric monoidal
closed as well.
Proof. If ⊗ : V-Cocat × V-Cocat → V-Cocat is the symmetric monoidal
structure of V-Cocat described earlier, we can form the commutative
V-Cocat
−⊗DY //
U˜

V-Cocat
U˜

V-Grph
−⊗U˜(DY )
// V-Grph
where the comonadic U˜ creates all colimits and the bottom arrow preserves
them by the monoidal closed structure of V-Grph, Proposition 4.13. Therefore
(−⊗DY ) preserves colimits, and Theorem 2.11 ensures it has a right adjoint
since V-Cocat is a locally presentable category. If we call it Hom(DY ,−), we
obtain a parametrized adjunction
V-Cocat
−⊗DY //
⊥ V-Cocat
Hom(DY ,−)
oo
which exhibits the uniquely induced Hom : V-Cocatop×V-Cocat→ V-Cocat
as its internal hom. 
4.4. Enrichment of V-categories in V-cocategories. Having described the
categories of V-graphs, V-categories and V-cocategories in terms of V-matrices,
and specified some of their categorical properties relatively to limits and colim-
its, local presentability and monoidal closed structure, we are now in position to
explore an enrichment relation (Theorem 4.37) as a many-object generalization
of Theorem 2.18 for monoids and comonoids. In particular, viewing V-Cat and
V-Cocat as monads and comonads in the locally symmetric monoidal closed
fibrant double category V-Mat, the desired result will follow from the relevant
development in Section 3.3.
Supposed that V is a braided monoidal closed category with products and
coproducts. Recall that the locally closed monoidal structure of V-Mat by
Corollary 4.4 is given by a lax double functor
H = (H0, H1) : V-Mat
op × V-Mat→ V-Mat
where H0 is the exponentiation in Set and H1 is defined in (41). This induces
a functorMonH (32) as the restriction of H•1 between the category of monads
ENRICHED DUALITY IN DOUBLE CATEGORIES 55
and comonads, which in this context becomes
K : V-Cocatop × V-Cat −→ V-Cat (64)
mapping a V-cocategory and a V-category (CX , BY ) to K(C,B)Y X given by
K(C,B)(s, k) =
∏
x,x′
[G(x, x′), H(sx, kx′)] for s, k ∈ Y X .
Of course this comes from the induced internal hom in V-Grph, Proposi-
tion 4.13, with the extra structure of a category coming from the more general
Proposition 3.12. Explicitly, for each triple s, k, t ∈ Y X , the composition
M : K(C,B)(s, k)⊗K(C,B)(k, t)→ K(C,B)(s, t) for K(C,B) is an arrow∏
a,a
[C(a, a′), B(sa, ka′)]⊗
∏
b,b′
[C(b, b′), B(kb, tb′)]→
∏
c,c′
[C(c, c′), B(sc, tc′)].
This is defined via its adjunct under the tensor-hom adjunction∏
a,a′
[Ca,a′ , Bsa,ka′]⊗
∏
b,b′
[Cb,b′ , Bkb,tb′]⊗ C(c, c
′)
1⊗∆c,c′

//❴❴❴❴❴❴❴❴ Bsc,tc′
∏
a,a′
[Ca,a′ , Bsa,ka′]⊗
∏
b,b′
[Cb,b′, Bkb,tb′ ]⊗
∑
c′′
Cc,c′′ ⊗ Cc′′,c′
∼=
∑
c′′
∏
a,a′
[Ca,a′ , Bsa,ka′]⊗ Cc,c′′ ⊗
∏
b,b′
[Cb,b′, Bkb,tb′]⊗ Cc′,c′′
πc,c′′⊗1⊗πc′′,c′⊗1
∑
c′′
[Cc,c′′, Bsc,kc′′]⊗ Cc,c′′ ⊗ [Cc′′,c′, Bkc′′,tc′]⊗ Cc′′,c′ ev⊗ev
//
∑
c′′
Bsc,kc′′ ⊗Bkc′′,tc′
Msc,tc′
OO
for fixed c, c′. The identities for each object s ∈ Y X are arrows
ηd : I → K(C,B)(d, d) =
∏
a,a′∈X
[C(a, a′), B(sa, sa′)]
which correspond uniquely for fixed a = a′ ∈ X to the composite
I ⊗ Ca,a //❴❴❴❴❴❴❴❴❴❴❴❴
1⊗ǫa,a ))
Bsa,sa.
I ⊗ I
rI
// I
ηsa,sa
BB
In order to apply results from the theory of actions and enrichment as pre-
sented in Section 2.3, we need to realize the functor K as an action of V-Cocat
on V-Cat. Due to Lemma 3.22, we can deduce this in a straightforward way.
Proposition 4.34. If V is a symmetric monoidal closed category with products
and coproducts, the functor K (64) is an action of the symmetric monoidal
V-Cocatop, and so is its opposite Kop : V-Cocat× V-Catop → V-Catop.
What is left to show is that this actionKop has a parametrized adjoint, which
will induce the enrichment of the category on which the monoidal category acts.
This can be deduced when V is furthermore locally presentable.
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Proposition 4.35. Suppose that V is a locally presentable symmetric monoidal
closed category. The functor Kop has a parametrized adjoint
T : V-Catop × V-Cat −→ V-Cocat, (65)
given by adjunctions K(−, BY )
op ⊣ T (−, BY ) for every V-category BY .
Proof. If H•1 is the internal hom of V-Grph as in Proposition 4.13, we can
form a square which commutes by definition of K
V-Cocat
K(−,BY )
op
//
U˜

V-Catop
S˜

V-Grph
H•1 (−,S˜BY )
op
// V-Grphop
where the left and right legs create all colimits by Proposition 4.20 and 4.32 and
the bottom arrow preserves all colimits by H•1 (−, GY )
op ⊣ H•1 (−, GY ) in any
monoidal closed category. Therefore K(−, BY )
op is cocontinuous, and since its
domain is locally presentable by Proposition 4.31, Theorem 2.11 provides ad-
junctions K(−, BY )
op ⊣ T (−, BY ) : V-Cat
op → V-Cocat for all V-categories
BY ; this uniquely induces (65). 
The functor T which generalizes the universal measuring comonoid functor
(8) is called the generalized Sweedler hom. Morever, the functor Kop fixed in
the second variable has also a right adjoint, which generalizes the Sweedler
product (9).
Lemma 4.36. There is an adjunction K(CX ,−)
op ⊣ (CX ⊲ −)
op, for any
V-cocategory CX .
Proof. Consider the commutative diagram
V-Cat
K(CX ,−) //
S˜

V-Cat
S˜

V-Grph
H•1 (U˜CX ,−)
// V-Grph
where S˜ is the monadic forgetful functor and the locally presentable cate-
gory V-Cat has all coequalizers. Thus by Dubuc’s Adjoint Triangle Theo-
rem [Dub68], the existence of a left adjoint of the bottom arrow by monoidal
closedness of V-Grph implies the existence of a left adjoint (CX ⊲ −) of the
top arrow. 
The induced functor of two variables ⊲ : V-Cocat×V-Cat→ V-Cat is called
the generalized Sweedler product. Now Theorem 3.23 applies to provide the
desired enrichment, via the action of the symmetric monoidal closed category
V-Cocat (Proposition 4.33).
Theorem 4.37. Suppose V is a symmetric monoidal closed category which is
locally presentable, and T is the generalized Sweedler hom functor.
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(1) V-Catop is enriched in V-Cocat, tensored and cotensored, with hom-
objects V-Catop(AX , BY ) = T (BY , AX).
(2) V-Cat is a tensored and cotensored (V-Cocat)-enriched category, with
V-Cat(AX , BY ) = T (AX , BY )
cotensor product K(C,B)Y Z and tensor product CZ ⊲ AX , for any V-
cocategory CZ and any V-categories AX , BY .
The final goal is to combine the above enrichment with the (op)fibrations
that these categories form, and characterize them as enriched fibrations, Def-
inition 2.26. First of all, the fibration P : V-Cat → Set (Proposition 4.15)
as well as the opfibration W : V-Cocat → Set (Proposition 4.26) are both
monoidal by Proposition 3.18, due to their expression as categories of monads
and comonads in V-Mat; they inherit their symmetry from V. Theorem 3.24
applied to V-Mat will give the required result.
First of all, we need to show that Kop preserves cocartesian liftings, or
equivalently K preserves cartesian liftings between the fibrations
V-Cocatop × V-Cat
K //
W op×P

V-Cat
P

Setop × Set
(−)(−)
// Set.
(66)
Using the canonical (co)cartesian liftings (11) for any Grothendieck fibration,
i.e. Cocart(f, C) = (1f∗Cf∗ , f) : B → f∗Cf
∗ for a cocategory CX and f : X →
Z, Cart(g, B) = (1g∗Bg∗ , g) : g
∗Bg∗ → B for a category BY and g : W → Y , we
want to deduce that K maps them to the chosen cartesian lifting
K(f∗Cf
∗, g∗Bg∗)
K(Cart(f,C),Cart(g,B))
//
∼=
✤
✤
✤
K(C,B)

(gf)∗K(C,B)(gf)∗
Cart(gf ,K(C,B))
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣

in V-Cat
WZ
gf
// Y X in Set
Using (49) and (50), we can initially compute
K(f∗Cf
∗, g∗Bg∗)s,k =
∏
z,z′∈Z
[(f∗Cf
∗)z,z′, (g
∗Bg∗)sz,kz′]
∼=
∏
z,z′∈Z
[
fx′=z′∑
fx=z
Cx,x′, Bgsz,gkz′],
(
(gf)∗K(C,B)(gf)∗
)
s,k
= K(C,B)gsf,gsk =
∏
x,x′∈X
[Cx,x′, Bgsfx,gsfx′]
which are isomorphic since the internal hom maps sums to products in the
first variable, and the triangle commutes by also applying K to the maps.
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The only thing left to show is that the opposite of (66) has a general lax
parametrized opfibred adjoint, i.e. the opfibred 1-cell for any V-category BY
V-Cocat
K(−,BY )
op
//
W

V-Catop
P op

Set
Y (−)
op
// Setop
has a lax opfibred adjoint; this will be deduced from Theorem 2.22. Indeed,
there is an adjunction between the base categories
Set
Y (−)
op
//
⊥ Setop
Y (−)
oo
since Set is cartesian monoidal closed, with counit ε. Moreover, we need to
show is that the composite (12) between the fibres
V-CocatY Z
K
Y Z
(−,BY )
op
−−−−−−−−−→ V-Catop
Y Y
Z
(εZ )!
−−−−−−→ V-CatopZ
has a right adjoint. We can rewrite it as
Comon(V-Mat(Y Z , Y Z))
++❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲
Mon(Hom(−,BY ))
op
//Mon(V-Mat(Y Y
Z
, Y Y
Z
))op
(ε)∗◦−◦(ε)∗

Mon(V-Mat(Z,Z))op
where the top functor is (47) between the categories of monoids (as a re-
striction of MonH on globular 2-cells) and the side functor is the reindexing
functor for the fibration P , Proposition 4.15. By Corollary 4.9, the domain
Comon(V-Mat(Y Z , Y Z)) is a locally presentable category for any set Y Z .
Moreover, the following commutative
Comon(V-Mat(Y Z , Y Z))
Mon(Hom(−,BY )
op
//
U

Mon(V-Mat(Y Y
Z
, Y Y
X
))op
Sop

V-Mat(Y Z , Y Z)
Hom(−,BY )
op
// V-Mat(Y Y
Z
, Y Y
Z
)op
for a fixed V-category BY shows that the top arrow is cocontinuous: U and
Sop are comonadic by the same Corollary 4.9 and the bottom arrow is the co-
continuous internal hom of V-Grph (Proposition 4.13) restricted between the
cocomplete fibres. Finally, composing with the companion and conjoint of ε on
either side always preserves colimits, since tensoring does (see Proposition 4.7).
Therefore, Theorem 2.11 establishes an adjunction
V-CocatY Z
(εZ )!◦K(−,BY )
op
//
⊥ V-CatopZ
T0(−,BY )
oo
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between the fibre categories, enough by Theorem 2.22 to induce a right adjoint
of K(−, BY )
op between the total categories such that
V-Cocat
K(−,BY )
op
//
⊥
W

V-Catop
T (−,BY )
oo
P op

Set
Y (−)
op
//
⊥ Setop
Y (−)
oo
is a general lax opfibred adjunction. The assumptions of Theorem 3.24 are
now satisfied and the result follows.
Theorem 4.38. Suppose V is a symmetric monoidal closed category, which is
locally presentable. The opfibration V-Catop → Setop as well as the fibration
V-Cat→ Set are enriched in the symmetric monoidal opfibration V-Cocat→
Set.
Notice that the total parametrized adjoint T : V-Catop×V-Cat→ V-Cocat
of K obtained as above is isomorphic to (65), but the fibred approach pro-
vided with the extra information that the underlying set of objects of some
T (AX , BY ) is precisely Y
X in a straightforward way.
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